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Abstract 

In this paper we present a duality theory for compact groups in the case when the C*- 
algebra A, the fixed point algebra of the corresponding Hilbert C*-systeni {T,G), has a 
nontrivial center Z Z) CI and the relative commutant satisfies the minimality condition 

as well as a technical condition called regularity. The abstract characterization of the men- 
tioned Hilbert C*-system is expressed by means of an inclusion of C*-categories Tc < T, where 
Ti; is a suitable DR-category and T a full subcategory of the category of endomorphisms of 
A. Both categories have the same objects and the arrows of T can be generated from the 
arrows of Tc and the center Z. 

A crucial new element that appears in the present analysis is an abelian group which 
we call the chain group of Q, and that can be constructed from certain equivalence relation 
defined on Q, the dual object of G- The chain group, which is isomorphic to the character 
group of the center of G, determines the action of irreducible endomorphisms of A when 
restricted to Z. Moreover, €{G) encodes the possibility of defining a symmetry e also for the 
larger category T of the previous inclusion. 



1 Introduction 

The superselection theory in algebraic quantum field theory, as stated by the Doplicher-Haag- 
Roberts (DHR) selection criterion |311 1141 [T3] . led to a profound body of work, culminating in 
the general Doplicher- Roberts (DR) duality theory for compact groups [^. The DHR criterion 
selects a distinguished class of "admissible" representations of a quasilocal algebra A of observ- 
ables, which has trivial center Z := Z[A) = CI. This corresponds to the selection of a so-called 
DR-category T, which is a full subcategory of the category of endomorphisms of the C*-algebra 
A (see Definition 12^21 below). Furthermore, from this endomorphism category T the DR-analysis 
constructs a C*-algebra T A together with a compact group action a : Q B g ^ Og £ Aut^ 
such that: 

• ^ is the fixed point algebra of this action 
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• T coincides with the category of all "canonical endomorphisms" of A, associated with the 
pair {J^,ag} (cf. Subsection 13.2(1 . 

T is called a Hilbert extension of A in jj^. Physically, J- is identified as a field algebra and 
G with a global gauge group of the system. The pair {T,ag}, which we call Hilbert C*-system 
(cf. Definition 12. H the name crossed product is also used), is uniquely determined by T up to 
^-module isomorphisms. Conversely, {J-',ag} determines uniquely its category of all canonical 
endomorphisms. Therefore {T, A} can be seen as the abstract side of the representation category 
of a compact group, while {J^, ag} corresponds to the concrete side of the representation category 
of Q, and, roughly, any irreducible representations of G is explicitly realized within the Hilbert 
C*-system. One can state the equivalence of the "selection principle", given by T and the 
"symmetry principle", given by the compact group Q. This is one of the crucial theorems of the 
Doplicher-Roberts theory. 

In the DR-theory the center Z of the C*-algebra A plays a peculiar role: as stated above, if 
A corresponds to the inductive limit of a net of local C*-algebras indexed by open and bounded 
regions of Minkowski space, then the triviality of the center of ^ is a consequence of standard 
assumptions on the net of local C*-algebras. But, in general, the C*-algebra appearing in the 
DR-theorem does not need to be a quasilocal algebra and, in fact, one has to assume explicitly 
that Z = CI in this context (see j21l Theorem 6.1]). Finally, we quote from the introduction of 
the article j21j : "There is, however, no known analogue of Theorem 4.1 of |2()j for a C*-algebra 
with a non-trivial center and hence nothing resembling a "duality" in this more general setting." 

The aim of the present paper is to show that there is a duality theory for compact groups in 
the case of a nontrivial center, if the relative commutant of the corresponding Hilbert C*-system 
satisfies the following minimality condition: 

A'nT=Z (1) 

(cf. Theorem l4.14|l . The essence of the previous result is that now the abstract characterization of 
the mentioned Hilbert C*-system is expressed by means of an inclusion of C*-categories 7^ < T, 
where T^is a suitable DR-category and T a full subcategory of the category of endomorphisms of 
A. Both categories have the same objects and the arrows of T can be generated from the arrows 
of Tc and the center Z. 

Several new elements appear in the generalization of the DR-theory studied here. The crucial 
one is an abelian group C(^), which we call the chain group of G, and that can be constructed 
from certain equivalence relation defined on G, the dual object of the compact group G- The 
chain group, which is interesting in itself and isomorphic to the character group of the center 
of G, determines the action of irreducible endomorphisms of A when restricted to the center 
Z{A). Moreover, ^{G) appears explicitly in the construction of a family of examples realizing the 
inclusion of categories 7^ < T mentioned above (cf. Section inj. Finally, the chain group encodes 
also the possibility of defining a symmetry e also for the larger category T of the previous 
inclusion. 

There are several reasons that motivate the generalization of the DR-theory for systems satis- 
fying the minimality condition for the relative commutant: 

(i) In this context there is a nice intrinsic characterization of the Hilbert C*-systems satisfying 

and a further technical condition called regularity (cf. Theorems 14.111 and I4.14j) . One 
can also prove several results in the spirit of the DR-theory: for example, the category T 
is isomorphic to a subcategory A^g of the category of free Hilbert Z-bimodules generated 
by the algebraic Hilbert spaces in Tg (cf. Proposition I4.4j) . 

(ii) In the context of compact groups, the equation is also convenient for technical reasons. 
The minimality of the relative commutant implies that irreducible endomorphisms are mu- 
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tually disjoint (cf. Proposition 14. 3|) and tliis fact is crucial to have a nice decomposition of 
objects in terms of irreducible ones (cf. Proposition 14 . 6|) . 

(iii) The nontriviality of the center gives also the possibility to a more geometrical interpretation 
of the DR-theory. Indeed, from Gelfand's theorem we have Z = C{T), T a compact 
Hausdorff space, and in certain situations the Hilbert C*-system {T, ag} is a direct integral 
over r, where the Hilbert C*-system corresponding to a.e. base point A G F is of a DR-type 
with the same group Q. Here the chain group plays again an important role. This more 
geometrical line of research has lead to recent developments in the context of vector bundles 
(cf. da ESI EH)- 

(iv) There are physically relevant examples that satisfy the condition (^. For example, this 
equation is presented in as a "new principle". Moreover, the elements of the center Z 
of A may be interpreted as classical observables contained in the quasilocal algebra. 

(v) The present generalization of the DR-theory in the context minimal and regular Hilbert 
C*-systems has also found application in the context of superselection theory for systems 
carrying quantum constraints (see as well as [271 l3Uj for a C*-algebraic formulation of 
the theory of quantum constraints). 

The paper is structured in 9 sections: in Section [21 we introduce the notion of a Hilbert C*- 
system (cf. Definition 12. 1|) and give a detailed account of its properties. Hilbert C*-systems are 
special types of C*-dynamical systems {J-,ag} that, in addition, contain the information of the 
representation category of Q. They also satisfy important properties, which are interesting in 
themselves, as for example: the fixed point algebra A is simple if J-" is simple (cf. Subsection 13.41 
for further results on the ideal structure of these algebras); one can naturally introduce spectral 
subspaces of T and prove Parseval-type equations for a suitable ^-valued scalar product on 
(cf. Proposition 12. Finally, Hilbert C*-systems provide a natural and concrete frame to 
describe the DR-theory as well as the generalization to the nontrivial center situation that we 
study here. In Section El we study the important relation between two C*-categories Tg and T 
that are naturally associated with a Hilbert C*-system. In general, 7g is a subcategory of T 
and this inclusion turns out to be characteristic for the inverse result stated in Theorem 14.141 
In Section El the main duality theorems are stated in the context of minimal and regular Hilbert 
C*-systems. The next section defines the notion of an irreducible object and introduces the chain 
group of G, denoted by ^{G). We give examples of chain groups for several finite and compact 
Lie groups and show that the chain group is isomorphic to the character group of the center of 
Q (see also |37j ) . There is a close relation between the chain group and the set of irreducible 
canonical endomorphisms: an irreducible canonical endomorphism of A restricted to the center 
Z turns out to be an automorphism of Z. We show that there is a group homomorphism between 
the chain group and the subgroup of autZ generated by irreducible objects (cf. Theorem 15. 7() . 
One of the typical difficulties in the context of a nontrivial center is that Z is not stable under 
the action of a general canonical endomorphism a, i.e. 

a{Z) (^Z. 

In this section we also give an explicit formula in terms of isotypical projections that describes 
the action of reducible endomorphisms restricted to the center (cf. Theorem 15. In Section (HI 
we construct a family of examples that satisfy the requirements of the pair of categories < T 
considered in Theorem 14.141 In Section [3 we analyze the situation where the homomorphism 
between the chain group and the subgroup of aut^ generated by irreducible objects is trivial. In 
this case Z becomes the common center of A and J- . We can therefore decompose these algebras, 
which in this section are assumed to be separable, w.r.t. Z. Then the Hilbert C*-system {T , ag} 
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becomes a direct integral over T := spec^ and the fibre Hilbert C*-system corresponding to the 
base point A G F is of a DR-type with the same group Q. That means, in particular, that the 
fixed point algebra associated with a.e. A has a trivial center. Another simplifying condition of 
the present situation is the fact that any canonical endomorphism acts trivially on the center, 
i.e. p^Z = id ^Z. Moreover, we show that in this case the minimality condition already implies 
the regularity of the corresponding Hilbert C*-system (cf. Corollarv l7.7() . The special situation 
studied in this section is also related to the notion of extention of C*-categories by abelian 
C*-algebras (cf. gl]). 

Some conclusions connecting the present analysis to related lines of research are stated in 
Section |H1 Finally, the paper contains an appendix recalling the decomposition of a C*-algebra 
w.r.t. its center. 

2 Basic properties of Hilbert C*-systems 

In this section we summarize the structures from superselection theory which we need. For proofs, 
we refer to the literature if possible, otherwise proofs are included in this paper. 

Below T will always denote a unital C*-algebra. A Hilbert space 7i <Z J- \s called algebraic 
if the scalar product (•, •) of 7i is given by {A^B)\ := A*B for A, B ^ 7i . Henceforth, we 
consider only finite-dimensional algebraic Hilbert spaces. The support supp?^ of 7i is defined by 
suppT^ := where {<I>j | j = 1, . . . , d} is any orthonormal basis of Ti. Unless otherwise 

specified, we assume below that each considered algebraic Hilbert space 7i satisfies suppT^ = 1. 

We also fix a compact C*-dynamical system {JF, (/,a}, i.e. ^ is a compact group and a : Q 3 
g ^ ag (z AutJ- is a pointwise norm-continuous morphism. For D ^ Q (the dual of Q) its spectral 
projection Hj, e is defined by 

^d{F) := / xoig) ag{F)dg for all FeT, (2) 
Jg 

where: Xoid) '■= dimD ■TT-K{g), ir £ D , 

and dg is the normalized Haar measure of the compact group Q. The spectrum of ag can then 
be defined by 

spec ag:=^Deg \ H^ / } . 

Note that spec ag coincides with the so-called Arveson spectrum of ag (see e.g. IT1). 
Our central object of study is: 

2.1 Definition The compact C*-dynamical system {J^,Q,a} is called a Hilbert C*-system if 

for each D £ Q there is an algebraic Hilbert space Tin C Hd^, such that ag acts invariantly on 
Hd, CLnd the unitary representation ag^Tio is in the equivalence class D (^Q. 

We are mainly interested in Hilbert C*-systems whose fixed point algebras coincide such that 
they appear as extensions of it. 

2.2 Definition A Hilbert C*-system {T,G,a} is called a Hilbert extension of a C*-algebra 
A d J- if A is the fixed point algebra of Q. Two Hilbert extensions {J-i-, Q ,a*}, « = 1, 2 of A 
(w.r.t. the same group Q) are ca//ed .A-module isomorphic if there is an isomorphism t : 

J-2 such that t{A) = A for A £ A, and r intertwines the group actions, i.e. t o a^ = a'^ o r, 

2.3 Remark (i) For a Hilbert C*-system {J^,Q,a} one has specag = G and the morphism 

a : Q ^ Aut.7-" is necessarily faithful. So, since Q is compact and AutJ- is Hausdorff 
w.r.t. the topology of pointwise norm-convergence, a is a homeomorphism of Q onto its 
image. Thus Q and ag are isomorphic as topological groups. 
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(ii) Group automorphisms of Q lead to ^-module isomorphic Hilbert extensions of A, i.e. if 
{J-^, G, a} is a Hilbert extension of A and ^ an automorphism of G, then the Hilbert exten- 
sions {J^, G, a} and {T, G,a o are ^-module isomorphic. 

Therefore, the Hilbert C*-system {J^, G, «} depends, up to ^-module isomorphisms, only 
on ag, which is isomorphic to G- In other words, up to ^-module isomorphism we may 
identify G and ag C Aut J- neglecting the action a which has no relevance from this point 
of view. Therefore in the following, unless it is otherwise specified, we use the notation 
{J^, G } for a Hilbert extension of A, where G C Aut J^. 

(iii) As mentioned above, Hilbert C*-systems arise in DHR-superselection theory (cf. jlll 0]). 
Mathematically, there are constructions by means of tensor products B of Cuntz algebras 
Ofi^, B = ®MgOb n^Hv.^ where 7^ is a category whose objects u are finite-dimensional con- 
tinuous unitary representations of a compact group G on Hilbert spaces Tiu with dim Tiu > 1 
and whose arrows are the corresponding intertwining operators (cf. |181 Section 7]). In these 
examples the center Z of the fixed point algebra A is trivial. 

Further examples in the context of the CAR-algebra with an abelian group ^ = T and 
nontrivial center Z are given in . In Section El we construct a family of examples of 
minimal and regular Hilbert C*-systems for nonabelian groups and with nontrivial Z. 

2.4 Remark A Hilbert C*-system is a very highly structured object;- below we list some impor- 
tant properties (for details, consult P| ITT]): 

(i) Given two (/-invariant algebraic Hilbert spaces TC,IC C then span(7l! • /C) is also a G- 
invariant algebraic Hilbert space which we will briefiy denote hy Ti-K,. It carries the tensor 
product of the representations of G carried by 7i and /C. 

(ii) Let 7^, K, as before but not necessarily of support 1: There is a natural isometric embedding 
of C{7i, K,) into T given by 

C{rL, }C)3T^ J{T) := t,k^,^l, tjk e C, 
where {^k}k resp. {^j}j are orthonormal basis of Tl resp. /C and where 

j 

i.e. (tj.fc) is the matrix of T w.r.t. these orthonormal basis. One has 

T($) = j{T) ^en. 

For simplicity of notation we will often put T := J{T). Moreover, we have T € ^ iff 
T G Cg{Tl,IC), where Cg{Ti.,IC) denotes the linear subspace of J0{TC,1C) consisting of all 
intertwining operators of the representations of G on TC and /C (cf. p. 222]). 

(iii) Generally for a Hilbert C*-system, the assignment D — > Tio is not unique. If U A 
is unitary then also UTio C I^d^ is an ^-invariant algebraic Hilbert space carrying a 
representation in D. Note that each ^/-invariant algebraic Hilbert space /C which carries a 
representation of D is of this form, i.e. there is a unitary V (z A such that fC = VTio- 

(iv) There is a useful partial order on the ^-invariant algebraic Hilbert spaces. We define 7i < K 
to mean that there is an orthoprojection E on )C such that EIC is invariant w.r.t. G and 
the representation ^["TY is unitarily equivalent to G\EJC. 

Note that 7^ < /C iff there is an isometry V & A such that VV* =: E is a projection of IC, 
i.e. Vn = EIC (use (ii)). 
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(v) Given a Hilbert C*-system {JF, G} a useful *-subalgebra of T is 

JTg^ — I g jr I YioF / for only finitely many L> G ^ } 

which is dense in w.r.t. the C*-norm (cf. 39 J . 

(vi) The spectral projections satisfy: 

\\nn\\ < d{Df/^, d{D) := dim{nn) , 
UdJ^ = span(^7-^j3) , 
Un{AFB) = A-Un{F)-B, A,B£A,FeJ^, 

A = n,^, 

where l G Q denotes the trivial representation of Q. 

(vii) In there is an ^-scalar product given by {F, G)_a := HiFG*, w.r.t. which the spectral 
projections are symmetric, i.e. (n^F, G)_^ = {F, IloG)_^ for all F, G & !F, D ^ Q. Using 
the ^-scalar product one can define a norm on JF, called the ^-norm 

Note that \F\ji^ < \\F\\ and that in general is not closed w.r.t. the ^-norm. 

The following result confirms the importance and naturalness of the previously defined norm 
I • in the context of Hilbert C*-systems. This norm plays also a fundamental role in the so- 
called inverse superselection theory which reconstructs the Hilbert C*-system from the data A 
and a suitable family of endomorphisms of A (cf. [S1I21IH])- 

2.5 Proposition Let {JF, Q} be a Hilbert C*-system, then for each F ^ T we have 

F = Y,'^oF (3) 

where the sum on the right hand side is convergent w.r.t. the A-norm and we have Parseval's 
equation: 

{F,F)A = Y,{UnF,UnF)_A. (4) 

Proof: Let T C G, cardF < oo. The set {T} of all such subsets of ^ is a directed net. The 
assertion (jj)) means 

VnaF:= limFr, 

where 

Fr := J2 ^nF, 

and "lim" means convergence w.r.t. the ^-norm. On the other hand, if T is fixed, we put 



Gr = GriCn, DeT):=Y, Co, G H^^. 
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Then G -^fin- By a simple calculation one obtains 

{F-Gr,F- Gr)A = {F, F)^ - J] (n^F, n^F)^ + ^ {U^F - n^F - Cn)A- 



Since 



we obtain 



J2{^oF-Co,nnF-Cn)A>0 



{F-Gr,F-Gr)A > {F, F)a - ^{n^F, U^F)a (5) 



F- j;n,F,F- J^n^F) >o. 



Therefore 



(F, F)^> ^(n^F,n^F)^ 

DGr 

Since ||X|| > \X\a for all X G ^ we have 

||F - GrII > |F - GrU > 1^^ - -f'r 



According to Shiga's theorem (see [SHI) the left hand side can be chosen arbitrary small for 
suitable T and suitable coefficients C^. Hence |F — Fr|^ — > for F — > follows. This is Q and 
this implies 

limJKF,F)^ - V(n^F,n^F)^|| = 0, 

which proves (jlj. ■ 

Note that Q does not in general converge w.r.t. the C*-norm |1 • ||. 

2.6 Corollary (i) Each F ^ T is uniquely determined by its projections HdF, D ^ i.e. F = 
iffUoF = for all D £ §. 

(a) We have that in^,!^^ = 1 for all D £ Q, where \ ■ \a denotes the operator norm ofHo w.r.t. the 
norm | • |yt m J^. 



3 Two natural examples of C*-categories associated with a 
Hilbert C*-system 

In the following we introduce two important examples of C*-categories that naturally appear in 
the context of Hilbert C*-systems. For the general definition and further properties of tensor 
C*-categories we refer to |211 135j . We mention only that the notion of an irreducible object 
introduced in 7, Section 5] (see also [S]) can be defined for arbitrary tensor C*-categories T: 
p G ObT is called irreducible if 

{p, p) = Ip X {i, l) , (6) 

where l denotes the unit for the tensor product of objects, Ip is the unit of the unital C*-algebra 
{p, p) and X is the tensor product of arrows. We denote the set of all irreducible objects in T by 
IrrT. 
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3.1 The category Tg of all ^-invariant algebraic Hilbert spaces 

The (/-invariant algebraic Hilbert spaces Ti of {JF, Q}, satisfying suppTi = 1, form the objects of 
a C*-category Tg whose arrows are given by {7i,IC) := J'{Cg{7i, fC)) C A. The tensor product 
of objects is given by the product in J^, the unit object is l := CI and = Cl. The 

composition of arrows J{T) G {n,n'), J{S) G (/C,/C') is given by J{T ® S) e {H1C,H'1C'), 
where T (g> 5 G Cg{n ®K:,n' ® K'). H is irreducible iff {H, U) = Cl (Schur's lemma). 

We will focus next on the additional structure of Tg. For this recall the partial order in ObTg 
given in Remark 12.41 (iv). If /C G ObTg is given, an object 7i < K \s called a subobject of 
IC. U E £ J{Cg{'IC)) is an orthoprojection < < 1, i.e. E' is a reducing projection for the 
representation of Q on /C, then the question arises whether there is an object Ti such that the 
representations on 7i and EIC are unitarily equivalent. This suggests the concept of closedness 
of Tg w.r.t. subobjects. 

3.1 Definition The category Tg is closed w.r.t. subobjects if to each IC G ObTg and to each 
nontrivial orthoprojection E G J{Cg{lC)) there is an isometry V (z A with VV* = E. (In this 
case 7i := V*K. is a subobject 7i < JC assigned to E.) 

Second, iiV,W e A are isometries with VV* + WW* = 1 and H, /C G Ob Tg then we call the 
algebraic Hilbert space VH + WIC of support 1 a direct sum of H and IC. It is ^-invariant and 
carries the direct sum of the representations on H. and IC. Therefore we define 

3.2 Definition The category Tg is closed w.r.t. direct sums if to each 7^i,7^2 £ Ob Tg there 
is an object IC G Ob Tg and there are isometries Vi, V2 G A with ViV^ + V2V2 = 1 such that 

ic = Vini + V2n2. 

Since Ob Tg contains all ^/-invariant algebraic Hilbert spaces, Tg is always closed w.r.t. direct 
sums provided that A contains a pair V, W of isometries with VV* + WW* = 1. This condition 
for A we call Property B. It will play an important role in the rest of the paper. We have 

3.3 Proposition If A satisfies Property B then Tg is closed w.r.t. direct sums. 

3.4 Proposition (i) If the category Tg is closed w.r.t. direct sums, then it is closed w.r.t. sub- 

objects. 

(a) Let Q be nonabelian. If the category Tg is closed w.r.t. subobjects, then it is closed w.r.t. di- 
rect sums. 

Proof: (i) First we assume that Tg is closed w.r.t. direct sums. Note that in this case for 
any n G N there are isometries Wj G A,j = 1,2, ...,n, such that J2j=iWjWj = 1. Then to 
each finite-dimensional representation U there is a ^-invariant algebraic Hilbert space IC such 
that U is realized on IC, because U = ®^^g itt-d • U^, Uo G -D, and in A there are isometries 
Wd,i,1 = 1,2, (ttt-o being the multiplicity of Ud in the decomposition of U) such that 

I ^D,lW* I = 1. Therefore IC := J2d l ^d,i'Hd is an object from Tg and carries exactly the 
representation U. 

Now let IC G Ob Tg and E G J{Cg{IC)), < < 1, a reducing projection, i.e. EK, C IC 
is a reducing subspace that carries a certain representation of Q. Note that supp-E/C 7^ 1. 
Nevertheless there is an object Ti G Ob Tg which carries this representation: choose in EK, and 
Ti the (orthonormal) basis of EIC, of Ti in such a way that the representation 

matrices coincide. Put A := Y^- ^j"^*. Then A £ A, A* A = 1 and AA* = E follows, i.e. W is a 
subobject of K, w.r.t. E. 

(ii) Now we assume that Tg is closed w.r.t. subobjects. Then choose Tioi,Tio2 ^ OhTg, 
whose dimensions are larger than 1. Then IC := Tim ■ Tio2 ^ Ob Tg and it carries the reducible 
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representation C/j,^ ^ U^,^, i.e. there is a projection E, Q < E < \, E ^ J{Cg{K,)). Then to E 
and 1 — E there correspond isometries V,W G A with VV* + WW* = 1, hence 7g is closed 
w.r.t. direct sums. ■ 



3.5 Remark Note that if the group ^ is a compact abehan then ^ is a discrete abehan group, the 
character group. Pontryagin's duahty theorem shows that in this case the notions of direct sums 
and subobjects are irrelevant for the duality theory (see also Remark l4.15() . If the compact group 
is non abelian the duality theory changes radically and closure under direct sums and subobjects 
become essential properties. 

3.2 The category T of all canonical endomorphisms 

3.6 Definition To each Q -invariant algebraic Hilhert space 7i <Z J- there is assigned a correspond- 
ing inner endomorphism G EndJ^ given by 

d(H) 

where {^j | j = 1, . . . , d{'H)} is any orthonormal basis ofTi. We call canonical endomorphism 

the restriction of pn to A, i.e. P'h\A S end A. 

3.7 Remark (i) Note that the definition of the canonical endomorphisms uses terms of J- 

explicitly. Therefore, the question arises whether the inner endomorphisms p-n can be 
characterized by intrinsic properties of their restriction to A (see the beginning of Section 0] 
below). This interplay between the inner and the canonical endomorphisms pji resp. pn^A 
plays an essential role in the DR-theory. Below, we omit the restriction symbol and regard 
the p-)^ also as endomorphisms of A. We will identify the set of canonical endomorphisms 
of A as the objects of a very important category with interesting closure properties. 

(ii) If the emphasis is only on the class D ^ Q and not on its corresponding algebraic Hilbert 
space Tio, we will write po instead of PHd- 

(iii) Note that = p^{A)^ for all ^> G and A e A. 

(iv) Note that the identity endomorphism t is assigned to = CI, i.e. p^-^ := l. 

(v) Let Ti, K. be as before, then P')^° P/c — Pn /C- 

(vi) Whilst an invariant algebraic Hilbert space uniquely determines its canonical endomor- 
phism, in general the converse does not hold. 

3.8 Proposition Let 7i,lC be Q-invariant algebraic Hilbert spaces. Then: p-h\A = Pk\A iff 

eA'nT for all^en,^ e K. 

Proof: It is straightforward to check the condition for orthonormal basis of 7i and K. ■ 

3.9 Definition Let {T, Q} be a Hilbert C*-system with fixed point algebra A. The intertwiner 
space of canonical endomorphisms u, r is: 

{a,T):={X eA I Xcr[A) = t{A)X for all A e A} 

and this is a complex Banach space. We will say that a, t & End .A are mutually disjoint if 
{a, t) = {0} when a t. 
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We denote by T the category with objects consisting of the canonical endomorphisms for 
G-invariant algebraic Hilbert spaces Ti <Z J- with suppW = 1 and with arrows given by the 
intertwiner spaces. 

3.10 Remark (i) T is the second example of a tensor C*-category. The tensor product of 
objects is given by composition of endomorphisms (see Remark I3.7f vl) and t = id. The 
composition of arrows is defined as follows: For A G (o", cr'), B G (t, r'), we put A x B := 
Aa{B) G (cjT, a'r'). 

(ii) We have (t, i) = Z := center of A and from the Definition in © we have p-n G ObT is 
irreducible if {ph^Ph) = Ph{^)- Note that this corresponds precisely to the case where 
Q acts irreducibly on Ti (see |8| Subsection 3.1] and 7, Section 5]). We denote the set of 
irreducible objects in T by Irr T. 

(iii) Recall the isometry J : Cg(TC,IC) — > A encountered in Remark I2.4f ii'). We claim that its 
image is in fact contained in (p.^, p^). To see this, let ^ £ 7i, A £ A and T G /lg{Ti.,IC). 
Then putting T := JiT) we have 

fp^{A)^ = f $ • A = T($) • A = p^{A)T{^) = p^{A)f ■ $ 

hence 

fp^{A) = p^{A)f 

i.e. f G (p„, pj^) or 

{n,JC) = J{Cg{n,IC))C{p^,p,^). 

In general, the inclusion is proper. Note finally, that ii A = J'{T), B = J{S) for T G 
Cg{?{,H'), S G £g(/C,/C'), then A x B = J{T S), i.e. x restricted to the intertwiner 
spaces (7Y, /C) etc., coincides with the composition of arrows of Tg. 

(iv) Recall that 7^ < /C iff there is an isometry V £ A such that VV* =: E is a projection of /C 
i.e. V7i = EJC. In this case we have V G {phjPk) and E G {pk.,Pk)- Moreover, E does not 
belong to the center of A. 

There is an important connection between the categories Tg and T in the case of a trivial 
relative commutant A' H = CI (see |18l Lemma 2.4]). Note that in this case A must have a 
trivial center Z = CI. 

3.11 Proposition There is a faithful functor from the categories Tg to T which is a bijection of 
objects. In general the functor is not full, but if the relative commutant satisfies A' Ci = CI, 
then Tg and T are isomorphic categories. 

Proof: For the objects the functor is specified by 7^ ^ and for the arrows by (7^, /C) 9 ^ — > 
A G [ph^Pk)- Note that the compatibility of functor w.r.t. the composition of arrows follows 
from E.emark 13.101 fiii). For the second assertion use Proposition 13.81 and that ^*A^ G CI for 
$G/C,^'G7^. ■ 

We now want to exhibit closure properties of T similarly as for Tg. 

3.12 Definition (i) r G ObT is a subobject of a G ObT, denoted t < a, if there there is an 
isometry V G (t, cr). In this case r(-) = V*(t{-)V and VV* =: E £ (c, o") follow. 

(ii) p £ Ob T is a direct sum of a,T £ Ob T, if there are isometrics ^ G (cr, p) , Vl^ G (r, p) 
with VV* + WW* = 1 such that 

p(.) = Va{-)V* + Wt{-)W* =: e r. 
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3.13 Remark (i) The subobject relation r < cj is again a partial order: let r < cr and a < fj,, 
so that there are isometries V G iT,a) and W G (o", /i). Then WV G {T,fi) is also an 
isometry, i.e. t < /j,. 

(ii) Note that if r = /jt^, cr = p/c for ^-invariant algebraic Hilbert spaces Ti , K, satisfying H < IC, 
then a fortiori t < a. However if r, u are given and one only knows that there are algebraic 
Hilbert spaces 7i < fC, then the transitivity property may not hold in general. 

(iii) If a := p-^, r := p/c then p = pc where C := VH + WJC. 

(iv) A direct sum a © r, defined above (where a priori p is not necessarily an object of T) with 
isometries V,W € A , VV* + WW* = 1 is only unique up to unitary equivalence, i.e. if p, p' 
are direct sums of a and p, then there is a unitary U G {p,p')- 

The closedness of T w.r.t. direct sums is defined by the closedness of Tg w.r.t. direct sums. 
The closedness of T w.r.t. subobjects is defined by the closedness of Tg w.r.t. subobjects in the 
following sense: if 

P = PneOhT (7) 

is given, then for all TC satisfying ((TJ and to each nontrivial projection E G J^CgiTi)) there is 
an isometry & A with VhV^ = E. 
This means 

3.14 Proposition If A satisfies Property B then T is closed w.r.t. direct sums and subobjects. 

3.3 Permutation and conjugation structures on Tg: DR-categories 

To complete the analysis of the categories Tg and T we will recall briefly their permutation and 
conjugation structure. First, we will consider these structures on Tg (cf. Remark 13.1 71 (ii) below). 
We assume in this subsection that the fixed point algebra A of {T, Q} satisfies Property B. 

3.15 Proposition (Permutation structure) Tg has a permutation structure, i.e. a map 

OhTg3n,JC^ e{n, JC) G {HJC, KH) , 
where e(7{, IC) is unitary and satisfies 

(i) e{n,JC) ■e{JC,n) = 1. 

(ii) e{Cl,n) = e(7i,Cl) = 1. 

(m) e{nin2,n3) = eiHuHs) ■ pnA<^2,n3)) , Hi £ OhTg, i = 1,2,3. 
(iv) e{H',K.')Ax B = B x Ae{H,K), A G {rL,n'), B G 

Tensor categories that have a map e(-, •) satisfying the properties (i)-(iv) adapted from above 
are called symmetric (cf. 121', p. 160]). The map e(-, •) is also called a permutator or symmetry. 

3.16 Proposition (Conjugation structure) Tg has a conjugation structure, i.e. to each Ti G 
ObTg there is a conjugated algebraic Hilbert space Ti G OhTg carrying the corresponding conju- 
gated representation and there are conjugates Rji G {d,T-i7{), Sn = e(H,H) Rn such that 

SI^Ph{Rh) = ^ and R^p:^{Sn) = l. 



11 



3.17 Remark (i) A permutator (or symmetry) e(-,-) as in Proposition 13.151 is given by 



e{n,K) := j{e{n,ic)), 

where 9 denotes the flip operator of the tensor product Ti ® JC. Let k\k be or- 

thonormal basis of the algebraic Hilbert spaces 7i and /C, respectively. Then 

i,k 

If H carries the direct sum of irreducible representations in {Dj}j C Q, then H carries the 
corresponding direct sum of the conjugated representations in {Dj}j C G. Denote by 
the conjugated basis of ?i w.r.t. then we have the relation 

i 

(ii) It is possible to use the functor in Proposition 13.111 to transfer the corresponding per- 
mutation and conjugation structure to T. Note, nevertheless, that if the inclusion 
(Ti.,JC) C [pi^, piq) is proper (cf. Bemark I3.1fll then the property corresponding to 

(iv) in Proposition 13.151 is valid only for a smaller set of arrows. 

We can now sum up the rich structure of the category Tg in the notion of a (Doplicher/Roberts) 
DR-category (cf. EH)- 

3.18 Definition An (abstract) tensor C*-category with = Cl, closed w.r.t. direct sums 
and subobjects, equipped with a permutation and a conjugation structure is called an (abstract) 
DR-category. 

The category Tg introduced in Subsection 13. II is an example of a DR-category. It is a special 
Tannaka-Krein category for the group where the objects and the arrows are embedded in the 
algebra J-. Moreover, if fi .7-" = Cl (which implies Z = Cl), the category T of canonical 
endomorphisms is another example of a DR-category (cf. Proposition 13. 1 1"}) . 

3.19 Remark In the context of the DR-theory we can associate with any p G IrrTi^ a unique 
element D ^ Q, where Q is the group associated with the DR-category 7^. We denote by Irro'Tc 
a complete system of irreducible and mutually disjoint objects. 

One of the most fundamental results associated with DR-categories is the existence of an 
integer- valued dimension function on the objects of 7^. It is defined as follows: Let p E Ob 7^ 
and Rp G (i,pp) a conjugate. Then 

d{p)l:=R*pRp(^{i,i)=Cl. (8) 

The dimension function d[-) is independent of the choice of conjugates and gives the same value 
on unitarily equivalent objects. Moreover, it satisfies the following properties (cf. |2H Sections 2] 
or ^2 Subsection 11.1.6]): 

3.20 Proposition Let Ob 7^ 9 /3 — > d{p) be the dimension function defined above. Then for 
PtP1iP2 G Ob 7c we have 

(i) d{p) G N. 

(ii) d{i) = 1 and d(j)) = d{p). 
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(Hi) d{pi o = d{pi) d{p2) and d{pi pa) = d{pi) + d{p2) 



(iv) A = ©j=i ©I^Lf'" /Ojl; with pji := G Irro %: (recall Remark \3.iy\) . Z = 1, 2, . . . , m{pj, A) 

and (i(A) = Jtt-IPj, A)(i(/9j), where {p,X)c are algebraic Hilbert spaces and m{p,X) : = 

dim (p, A)c. 

3.4 The ideal structure of Hilbert C*-Systems 

Given a Hilbert C*-system {J^, Q}, we will analyze in the present subsection the relation between 
the ideal structures of J- and of the fixed point algebra A. It is clear that these must be closely 
related since can be generated from A and {'HclDgg) the latter being a complete system of 
irreducible algebraic Hilbert spaces with support 1 (cf. Definition 12.11 and R,emark l2.4l fv).(vi)). 

First we introduce the following weaker notions of simplicity which are natural in the context 
of Hilbert C*-systems. 

3.21 Definition {T, Q} denotes a Hilbert C*-system. 

(i) Let £ C J- be a closed two-sided ideal in T , i.e. E <\ J-. We say that £ is ^-invariant if 
g{£) ^ £ , g Q . J- is (/-simple if it has no nontrivial Q-invariant closed two-sided ideals. 

(a) Let Z <Z A be a closed two-sided ideal in A, i.e. Z <\ A. We say that Z is p-invariant 
if Pd{^) Q Z, D £ Q , where {polDgG; ^^^^ canonical endomorphisms associated to 
a complete system {T^oj^igg of irreducible algebraic Hilbert spaces with support 1. Z is 
p-simple if it has no nontrivial p-invariant closed two-sided ideals. 

3.22 Remark Note that the notion of p-simplicity is independent of the particular choice of the 
system {'HD}DeG- iact, if X<1^ is p-invariant w.r.t. {Pd}i36G) then any other unitary equivalent 
endomorphism p'jj{-) = Vpo{-)V*, D £ Q and V a unitary in A, still satisfies 

p'^(X) = VpniZ)V* CVZV* <^Z . 

3.23 Lemma Let £ <\T be Q-invariant and Hj, the spectral projections defined in Then £ is 
Ufj- invariant, i.e. Iloi£) ^ £ for all D £ Q . 

Proof: Let E £ £. By the definition of spectral projection in ((2)) we have 

^d{E) := [ XD{9)ag{E)dg. 
Jg 

Since £ is closed, we obtain from the definition of the integral and the pointwise norm continuity 
of the group action that Ii]j{E) £ £. ■ 

3.24 Proposition Let {T, G} be a Hilbert C*-system with fixed point algebra A. Then we have 
the following four implications: 

T is simple ^ T is Q -simple ^ A is simple =^ A is p- simple =^ is G -simple. 

Proof: The first and third implication above are trivial. 

i) To show that the ^/-simplicity of J- implies the simplicity of A assume that A is not simple: 
let X < ^ be a nontrivial closed 2-sided ideal and consider 

£r := clo 11. II span {ZHd \ L) G G} ■ 
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Ej. is a closed right ideal in T: indeed, recall that 

T := clo ||.|| span {AHn \ D £ G} 

and take A A. Then 

I Hd AHd' = I Pd{A) HonD' C£r, D,D'eg, 

where the latter inclusion follows from the fact that the tensor product Tio 'Ho' can be decomposed 
in terms of irreducible algebraic Hilbert spaces: indeed, for H € Tin, H' E Hd', there are 
A^^k G -A. such that H ■ H' = ^ Thus we have shown that 

span {inD\D (^g) ■ span {AHo' \D' (^Q] cSr- 

Take now C spanj^T-^^,/ \ D' £ Q} such that Fn F £ Then for any Eq € 

spanfTHj, \ D £ Q} we have EqF G f^, because =5 -Eo-^n ^ -E'o-^- Similarly one can show 
that EF G Er for all £^ € -F € hence 8r is a closed right ideal in T. This implies that 
£ := £r f^ £* < \s a. nonzero closed 2-sided ideal in J^, which is proper since 1 ^ £. Finally, £ is 
also ^-invariant, because g{Z) = I O A and qCHd) = Ti-o, 9 & G, F) £ Q. Summing up we have 
shown that if A is not simple, then F is not £/-simple. 

ii) To show the last implication, assume that F is not ^-simple: let £^ < ^ be a nontrivial, G- 
invariant and closed 2-sided ideal. According to Lemma l3.23l we have that £ is also Iljj-invariant 
for D ^ Q and we define the following closed two-sided ideal in A: 

X:=n,(<S) = £r\A<A. 

We still need to show that T is p-invariant and nontrivial. Since £" is a two-sided ideal in F we 
have for any D ^ Q and any X = £ A 

Pu{X) = Y,^D.,X^l,^£nA, 

k 

where {^D,k}k is an orthonormal basis of T~Ld- Thus Z is p-invariant. Moreover, Z is proper 
because £ is proper: 1 ^ Z d £. To conclude the proof we have to show that Z ^ {0}. For 
this choose an element E' ^ £ with E' ^ 0. Since £ is IlB-invariant (cf. Lemma m2H|) we 
have I\.r>[E') E £ for all D G ^ and according to Corollarv 12.61 (i) there is a D € ^ such that 
E := Tln{E') 7^ 0. Then we can write 

E = Afc^p fc for some A^ £ A 

k 

and at least one of the coefficients does not vanish, say A,,^ ^ 0. Since £" is a two-sided ideal in 
F we have E^*j^ j.^ G £. Then we compute 

n,(i?$;,,J = f g{E^*,,Jdg 
Jg 

= g{^o,k)g{^*n,J dg 

k ■''3 

= [ U^',''(9)U7^dg]^,,,,^l, 

k t^AJQ ^ 
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k' 

Ako + 0, 



d{B) 
1 



where d{D) is the dimension of the representation U D. In the previous equations we have 
used that suppTY^ = 1, the orthogonahty of the matrix elements Uk\k{g) (recah Peter- Weyl's 
Theorem [^Hl Theorem 27.40]) as weU as the transformation g{^j^ k) = J2k'^k',k{g)^D,k'- We 
have thus shown that I is nonzero, since 



and the proof is concluded. 



3.25 Corollary IfZ<\A is p-invariant, then the closed right ideal defined by 

£ := clo ||.|| span {2 Ho \ D G Q} 
satisfies £* = £, hence is a closed two- sided ideal in T . 

Proof: First we show that f * C £^ by using the conjugation structure of Tg: £* is generated by 
Hl,I, D e G- Prom Remark IXT71 (i) it follows that <I>^^ = R%^^ ,, and from this we obtain 

This shows the inclusion £* C £ and from £*(!£= (£*)* C £* we get the equality £* = £. ■ 



4 Minimal and regular Hilbert C*-systems 

The DR-theorem associates with a DR-category T an essentially unique compact group Q [21\ 
Theorem 6.1]. In the context of Hilbert C*-systems we have a bijective correspondence between 

{A,T} and {T,g}, 

where ^ is a unital C*-algebra with trivial center Z = A' OA = CI (and satisfying Property B) 
and T is a DR-category realized as unital endomorphisms of A. {J-, ^} is a Hilbert extension 
of A having trivial relative commutant, i.e. A' = CI (see \21\ \22\ I2()| This correspon- 
dence is connected with the second part of Proposition 13 . 1 ll which requires a trivial center of A. 
The DR-theorem says that in the case of Hilbert extensions of A with trivial relative commu- 
tant, the category T of all canonical endomorphisms can be indeed characterized intrinsically by 
their abstract algebraic properties as endomorphisms of A and a corresponding bijection can be 
established. 

In this section we want to extend such a bijective correspondence to C*-algebras A with non- 
trivial center Z D CI and satisfying Property B. A first step in this direction is given in 0. In 
this context and due to Proposition 13.111 one has to face the problem that the category Tg and 
T can not be isomorphic anymore, since now we have 

CI c z c A'nT. 

We will investigate in the following the class of Hilbert extensions {J^, Q} with compact group G 
and where the relative commutant satisfies the following minimality condition 

A'r\J^ = Z. (9) 

In items (i)-(iv) of the introduction we gave several motivations that justify this choice. There- 
fore we define 
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4.1 Definition A Hilhert C*-system {J-,Q} is called minimal if the condition 

A'nJ^=Z (10) 

is satisfied. 

4.2 Remark (i) The adjective minimal comes from the property of the relative commutant. 

Note that one always has Z Q A' CiJ-. In the context of the DR-theory one has also minimal 
Hilbert C*-systems, because there Z = CI and A' H T = CI. 

(ii) Let {JT, Q} be a C*-dynamical system with fixed point algebra A having trivial center 
Z{A) = CI and relative commutant satisfying 

A'r\T = Z{T) with Z{T) =T' r\T . 

Then {T can be obtained by inducing up from an essentially unique C*-dynamical 
system ^o}) where Q<^ is a closed subgroup of ^, the fixed point algebra coincides with 
A and the relative commutant is trivial, i.e. Al T\ = Cl (cf. |171 Theorem 1]). For a 
generalization of this result in the case where Z{A) is nontrivial and the corresponding 
relative commutant satisfies 

A'nJ^ = Z{A) V Z{T) 

see 02]. 

4.3 Proposition Let {J^, Q} be a given Hilbert C*-system. Then A! r\ F = Z iff (p^), pi^r) = {0} 
for D 7^ D' , i.e. iff the set {/j^, \ D ^ Q} is mutually disjoint. 

Proof: First note that F & A' r\ T lioF G (po, i)'Hd for all D eQ. Therefore ^' n = 2: iff 
{PdjI') = for all D ^ l. But if this is true then also (pd^Pd') = follows for all D ^ D' (see 
e.g. [ni p. 193]). ■ 

Observe that in any Hilbert C*-system, for each r G ObT the space S^r := TirZ, (where 7^^- 
is a ^-invariant algebraic Hilbert space) is a ^-invariant free right Hilbert ^-module with inner 
product given as usual by 

{Hi,H2) := HIH2 G 2 , Hi,H2eSjr. 

Moreover, since for any r G ObT, we have that Z C (t, r), it is easy to see that there is a 
canonical left action of Z on Sjr- Concretely, there is a natural *-homomorphism Z Cz{f)) 
(see (71 Sections 3 and 4] for more details). Hence S^r becomes a Z-bimodule. Next we state the 
isomorphism between the category of canonical endomorphisms and the corresponding category 
of 2^-bimodules. 

4.4 Proposition Let {JF, Q} be a given minimal Hilbert C*-system, where the fixed point algebra 
A has center Z. Then the category T of all canonical endomorphisms of Q} is isomorphic to 
the subcategory M.g of the category of free Hilbert Z-bimodules with objects = TLZ, H G ObTg, 
and arrows given by the corresponding Q-invariant module morphisms Cz{^i,^2',Q)- 

The bijection of objects is given by p-}^ 9) = TiZ which satisfies the conditions 

pn = (Ad V)o pi + (Ad W) o p2 < — > = VSji + WS)2 

Pi ° P2 < — > ^1- ^2 , 
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where the latter product is the inner tensor product of the the Hilbert Z -modules w.r.t. the *- 
homomorphism Z Cz{^2)- The bijection on arrows is defined by 

J: Czi^U^2;g)^{pi,P2) with J{T):=Y,'^jZj,kn=-T . 

Here {^k}k ^^^^e orthonormal basis of S)2,^i, respectively, and {Zj k)j^k is the matrix of 

the right Z -linear operator T from to Sj2 which intertwines the Q -action. 

Proof: Note first that the minimaUty condition and Proposition 13.81 guarantee that the bijection 
on objects is independent of the choice of the algebraic Hilbert spaces within S), provided these 
define the same canonical endomorphism. The rest of the proof is in Proposition 3.1 and Section 4 
of |7|. ■ 

4.5 Remark Note that the category A4g is a tensor C*-category. This follows from the fact that 

fz = zf, ZeZ,Te£z{^i,f)2;g), 

where T G ^ is defined in Remark 12.41 (ii) . The previous equation implies 

T{Z-) = ZT{-), ZeZ,TGCz{^i,^2;G), 

and by |16| p. 268] this condition guarantees that Alg is a tensor C*-category. Note that in 
general the category of Hilbert 2-bimodules with the larger arrow sets CziSji,S)2) is only a 
semitensor C*- category (cf. |16| Section 2] for the definition of this notion and further details).^ 

The following result recalls the useful decomposition for a general Hilbert 2-module Sj G 
Ob ^Ag in terms of irreducible ones S)o = T~(-dZ, D ^ Q. From Proposition 14.41 one has equiva- 
lently a decomposition of endomorphism p-^ G Ob T in terms of the corresponding irreducibles 
Pd G Irr T. 

4.6 Proposition Let G OhMg be a Q-invariant free Hilbert Z-module in T . Then Sj can be 
decomposed into the following orthogonal direct sum: 

^ = ®{Pd, Ph)^d ■ 

D 

If {^D,iYi^i^ denotes an orthonormal basis of{po, Ph)} where m{D) is the multiplicity of D £ Q 
in the decomposition ofU-u, then the isotypical projection can be written as 

m{D) 

1=1 

The canonical endomorphism associated with TL is given by 

Ph{A) = Y,Wu,i-Pu{A)-WI^i. 

D,l 

Recalling the notion of p invariant ideals in A stated in Definition l3.21l fii) we have the following 
immediate consequence of the previous decomposition result for canonical endomorphisms. 

4.7 Corollary Let {J^, Q} be a minimal Hilbert C*-system with fixed point algebra A and let Z be 
a closed two-sided ideal in A. Then Z is p-invariant iff p(Z) C Z for all p G ObT. 

^We would like to acknowledge an anonymous referee for mentioning reference 1161 to us. 
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The Prop osition 14 . 41 above shows that the canonical endomorphisms uniquely fix the correspond- 
ing 2^-modules, but not the choice of the generating algebraic Hilbert spaces. The assumption 
of the minimality condition (|1U|) is crucial here. From the point of view of the 2^-modules it is 
natural to consider next the following property of Hilbert C*-systems: the existence of a special 
choice of algebraic Hilbert spaces within the modules that define the canonical endomorphisms 
and which is compatible with products. 

4.8 Definition A Hilbert C*-system is called regular if there is an assignment 

OhT 3a^na£ ObTg 

such that a = , i.e. a is the canonical endomorphism of the algebraic Hilbert space Tia, and 
which is compatible with products: 

a OT ^ Ha • Hr ■ 

4.9 Remark (i) In a minimal Hilbert C*-system regularity means that there is a "generating" 

Hilbert space Hr C $)t for each r (with S)r = T~(-rZ) such that the compatibility relation 
for products stated in Definition 14.81 holds. If a Hilbert C*-system is minimal and Z = CI 
then it is necessarily regular. 

(ii) Note that the minimality condition and the compactness of the group imply that the Hilbert 
modules associated with objects in T are free. From the point of view of crossed products by 
endomorphisms considered in [13] this corresponds to a special case (cf. |431 Example 4.1]). 
Nevertheless, even in this particular situation with a compact group, there are cases where 
still one can not associate a symmetry to the larger category T. In the context of Hilbert 
C*-modules this means that the left action does not coincide with the corresponding right 
action (in contrast with the situation considered in [431 Section 4]). The existence of a 
symmetry is related to the nontriviality of the chain group homomorphism to be introduced 
in the next section (see also Proposition IS.lUl Remark 17.31 (i) and Sectional). 

4.10 Lemma Let {JF, Q} be a minimal and regular Hilbert C*-system. For a,T ObT and 
p, p' € Irr T put 

{a, t)c := J {CgiHa, Hr)) Q t) , {p, t)c := J {CgiHp, Hr)) C {p, t) , CtC ., 

(cf. B.emMrk \3.1f\ fiii)). If {Wr,p,k\k C (p, r)c , {Wa,p' ,k'}k' C (p', a)c are orthonormal basis, 
then 

{Wr,p,k-W:^p^f,,}p^k,k' 

is an orthonormal basis of {a, t)c, where the p's are those irreducibles appearing in the decom- 
position of a and r (cf. Proposition \4-(^ - 

Proof: From the orthonormality relations of {W,-, p, fc}fc and {Wa^p'^k'}k' a-nd from the disjointness 
relation for irreducible objects in Proposition 14. 3( it follows directly that {Wr,p,k • W* ^ y}p^k,k' 
is an orthonormal system in (a, t)c. For any A G (a, t)c put 

\,k,k' ■=W*^p,k^Wa,p,k' G (p,p)c =C1, 

where the last equation follows from the fact that the algebraic Hilbert space corresponding to p 
carries an irreducible representation. Then it is immediate to verify that 

^=Y^ K,k,k' Wr,p,kW*^p^k' > 
p,k,k' 

hence {Wr,p,k • W* ^ j^i}p,k,k' is an orthonormal basis in (cr, r)c. ■ 
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4.11 Theorem Let {JF, Q} be a minimal and regular Hilhert C*-system (where the fixed point 
algebra A satisfies Property B). Then T contains a DR- subcategory with the same objects, 
Ob 7^ = ObT, and arrows {a, t)c Q {(^,t) such that: 

{a, t) = (a, r), a{Z) = t{Z) {a, r)^ a{Z) . (11) 

Proof: Let 7^, K. are ^-invariant algebraic Hilbert spaces. Recall that the isometry J : C(H, K) — > 
has the property 

(cf. Remark 13.101 (iii)). Now let a Tla be the assignment given in Definition 14.81 for regular 
Hilbert C*-systems, and put 

Then the definitions of the symmetry e(-, •), the conjugates a and their intertwiners Ra, Sa are 
as follows (cf. Remark 13. 171 (i)): 

where {^j}j resp. {^'fcjfc are orthonormal basis of TC^ resp. Ht- We also define: a := pic, where 
/C carries the representation of G which is conjugated to the representation on Ha- Recall that 
all finite-dimensional representations of Q can be realized by some ^-invariant algebraic Hilbert 
space. Moreover, /C is chosen as the "distinguished" Hilbert space according to the assumption 
of regularity. Let {^j}j be an orthonormal basis of IC and put 

Ra^ := ^ilj^>j, Sa := e{a,a)R„. 

j 

With these choices it is easy to verify that 7^ is indeed a DR-subcategory of T (cf. Definition l3.18jl . 

It remains to show Eq. (|11() . The inclusion (o", t) 5 {a,T)^ '^(^) follows immediately from 
the fact that {a, r) is a right c7(Z)-module. To show the reverse inclusion let {WV, p, fcjfc C {p, r)c , 
{W^CT, p',fc'}fc' C (p', a)c be orthonormal basis as in Lemma [4.101 Take A G (o", r) and define 

p{Zp,k,k') ■■= G {p,p) = p{Z) . 

Then 

^ = E w^r,p,fcP(^M,fc') w^;,p,fe' 

p,k,k' 

= E W^,P,kW:^p,k"^iZp,k,k')^i'^,r)^^iZ), 

p,k,k' 

and the proof of Eq. ((TT|) is completed. ■ 

4.12 Remark (i) Recall that the category Tg introduced in Subsection 13. II is an example of a 
DR-category (recall Eemark I3.10|) and in fact it plays the role of the subcategory 7^ as a 
subcategory of the in general larger category T of canonical endomorphisms of the minimal 
and regular Hilbert C*-system. 

(ii) The assumptions of the previous theorem imply that each basis of {a, r)c is simultaneously 
a module basis of {a, r) modulo o-{Z) as a right module, i.e. the module {a, r) is free. 
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(iii) For simplicity we will sometimes call a DR-subcategory 7^ of T satisfying the properties of 
Theorem 14.111 admissible. 



(iv) Note that the properties (P.2)-(P.4) (with the exception of P.2.6) in "W, Section 2] are 
contained in the assumption that is a DR-subcategory of T (cf. Definition I.S.18|) . 

Let Ob T B p ^ Vp G {p, p) he a choice of unitaries such that 

Vpoa = Vp^V^. (12) 

Note that ((T^ implies that = 1, because = Vi,^ = x = V^Va- This choice allows one 
to define from the subcategory of T another subcategory of T with the same properties as 
7^. To do this, put 

{p,ay^:=VAp,a)cV; C{p,a) (13) 
and for the corresponding permutation structure e'{p,a) for 7^' one takes: 

e'{p,a) := {V^ x Vp) ■ e{p,a) ■ {Vp x V^)* . (14) 

It is easy to check that e' defines a permutation structure (cf. Proposition 13. 15|) . The correspond- 
ing conjugates R'^ are defined by 

R'p:=VppRp, S'^:=e'{p,p)R'^ (15) 

(recall also Proposition 13.161) . Then it is straightforward to verify that the new subcategory 7^' 
also satisfies the assumptions of Theorem 14. Ill 
This suggests the following definition of equivalence between subcategories. 

4.13 Definition Two admissible DR- subcategories and ofT are called equivalent if there 
is an assignment 

OhT B p —* Vp ^ {p, p), with Vp unitary satisfying Vpoa- = Vp x V^, 
and such that the equations US\) . \14\ ) and il5\) hold. 

The converse of Theorem 14.111 gives our main duality theorem. The proof, which is constructive, 
is divided into several steps (see Subsection 14.11 below) . 

4.14 Theorem Let T be a tensor C*-category of unital endomorphisms of A and let be an 
admissible DR-subcategory. Then there is a minimal and regular Hilbert extension {T, Q} of 
A, where Q is the compact group assigned to the DR- category and T is isomorphic to the 
category of all canonical endomorphisms of{J-, Q}. Moreover, ifT^, are two admissible DR- 
subcategories of T , then the corresponding Hilbert extensions are A-module isomorphic iff 7^ is 
equivalent to 7^'. 

The previous result says that for minimal and regular Hilbert C*-systems there is an intrinsic 
characterization of the category of all canonical endomorphisms in terms of A only. Moreover, up 
to ^-module isomorphisms, there is a bijection between minimal and regular Hilbert extensions 
and tensor C*-categories T of unital endomorphisms of A with admissible DR-subcategories. 

Note that Theorem 14.141 is an immediate generalization of the DR-theorem (mentioned at the 
beginning of this section) for the case that Z D CI, i.e. if 2 = CI then T itself is admissible 
(hence a DR-category) and the corresponding Hilbert extensions have trivial relative commutant. 
Notice also that from the assumption of the existence of an admissible DR-subcategory it follows 
that A satisfies Property B. 
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4.15 Remark (Abelian groups) In the case that Q is abehan and compact the preceding struc- 
ture simpUfies radically (see Remark [3.5() . Specifically, ^ is a discrete abelian group (the character 
group), each Tio, D € Q, is one-dimensional with a generating unitary f/^,, hence the canonical 
endomorphisms p-j^^ (denoted briefly by po, see Remark 13. Tf iil) are in fact automorphisms (nec- 
essarily outer on A). Since p^,^ °Pd2 — PdiD2 ™ this case the set T of all canonical endomorphisms 
Pfijy is a group with the property 

g ^ T/intA. 

Therefore, it is not necessary to take into account direct sums or subobjects in this case and one 
can drop Property B as an assumption on A. 

If in addition Z = CI the permutators e (restricted to Q x Q) are elements of the second 
cohomology group H'^(Q) and 

where 

e[Vi,V2) - ——- — — 
uj{D2,Di) 

and u; is a corresponding 2-cocycle. The field algebra is just the w-twisted discrete crossed 
product of A with Q (see e.g. [H p. 86 ff.] for details). For the case Z D CI see 0. (The minimal 
case is not specially mentioned there.) 



4.1 Proof of Theorem 14.141 

The construction of the Hilbert extension {J^, Q} associated with the pair 7^ < T, where 7^ is 
an admissible DR-subcategory, is done in several steps which are adapted from [HI Sections 3-6] 
and jSj El . The strategy is to define first a left .A- module J^q using the dimension function defined 
in (jH)). The structure of J^o is then gradually enriched by making use of the properties of T^. 



1. Step: The bimodule Tq, algebraic Hilbert spaces and free Hilbert Z-modules. 

To each p G Irrg T (cf. Remark I3.19jl we assign a Hilbert space Tip with dim Tip = d{p) and, 
using orthonormal bases {^pj}j of Tip, we define the left A- module 

^0 := I ^^pj*^*pi 1 ^pj ^ finite sumj , 
pj' 

where the {^pj}pj form an ^-module basis of J^q. is independent of the special choice of the 
bases {^pj}j of Tip and putting ^pjA := p{A)^pj, turns out to be a bimodule. 

Next we introduce Hilbert spaces for any object in the category. For this purpose recall that 
p < a means that p is a subobject of a and that (p, a)c is an algebraic Hilbert space in A whose 
dimension coincides with the multiplicity of p in the decomposition of a (cf. ProDosition l3.2Ul fiv) \ . 
Then we have 

TLa'-= (B {p,a)cTip and Tia C J^o, a £ OhT , (16) 
as well as the right-^-Hilbert modules 

ijp := TipZ = ZTip and S)a ■= © (/>, a)S)p = TiaZ, 

p<a 

with the corresponding 2-scalar product 

(X,y)„ :=Y,P~\Kj^Pj) , where 
pj 
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The preceding comments show that we have estabhshed the following functor ^ between the cat- 
egories T (resp. Tc) and the corresponding category of Hilbert ^-modules (resp. Hilbert spaces); 
(cf. e.g. [71 Section 4] and |S1 Corollary 3.3]). 

4.16 Lemma The functor ^ given by 

OhT3a^f)aCJ'o and {a, (3) 3 A ^ d{A) e Cz{Sda ^ f)f3) , 

where ^{A)X := AX, X € S^a, defines an isomorphism between the corresponding categories and 
^{A*) is the module adjoint w.r.t. (•, Similarly, one can apply ^ to %: in order to obtain the 
associated subcategory of algebraic Hilbert spaces TCa and arrows 5^((a,/3)c) C C{TCa — H/3). 

Proof: Similar as in [Tj p. 791 ff]. ■ 



2. Step: Product and *-structure on J^q. 
We can now apply results in 3 to the category 

4.17 Lemma There exists a product structure on Tq with the properties 

span{$ • ^' I $ G ^ e 7^/3} = Hap, 

e(a, f3)m = $ G Ha, ^ G Hp, 

{XY, X'Y')^p = {X, X')^ ■ {¥, y')/3, X, X' G Y, Y' G Hp. 

Note that for orthonormal bases {^k\k of TYq,, Tip, respectively, we obtain from 

Lemma 14.171 that 

As in [HI Section 5] we introduce the notion of a conjugated basis of Ti^ w.r.t. an orthonor- 
mal basis ^aj of 7ia such that Ra = J2j ^aj ^aj ■ This is necessary in order to put a compatible 
*-structure on Tq- 

4.18 Lemma Let be a conjugated basis corresponding to the basis ^pj, p G Irrg T, and define 
:= Rp^pj, j = 1,2, ...,d{p). Then Tq turns into a *-algebra. The Hilbert spaces Tia cind the 

corresponding modules S^a o-re algebraic, i.e. 

{X,Y)o. = X*Y, X,Y^9)^. 
The objects a G Ob T are identified as canonical endomorphisms 

dia) 

a{A) = ^<l>^,A<^*^^. 
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3. Step: C*-norm and completion of Tq. 

In JFq one has natural projections Hp onto the p-component of the decomposition: 

d{p) 

To put a C*-norm || • ||* we argue as in Section 6]. Its construction is essentially based on the 
following ^-scalar product on To 

^) ■= E d^^«^p^' ^ ^= E ^«^p^' G--=Y1 Bpo^pi^ 

4.19 Lemma The scalar product (•,•) satisfies {F,G) = H^FG* andHp is selfadjoint w.r.t. (•,•). 

The projections Yip and the scalar product have continuous extensions to T := clo||.||_^^o ^'^^ 
IIp^ = span {AHp}. 

4. Step: The compact group Q. 

Finally, the symmetry group w.r.t. (•, •) is defined by the subgroup of all automorphisms g € 
aut.7^ satisfying {gFi,gF2) = {Fi,F2). It leads to 

4.20 Lemma The symmetry group coincides with the stabilizer stab A of A and the modules S)a 
are invariant w.r.t. stab^. 

Proof: Use |Z1 Lemma 7.1] (cf. also with O Section 6]). ■ 

This suggests to consider the subgroup G C stab A consisting of all elements of stab A leaving 
even the Hilbert spaces Tia invariant. Then it turns out that the pair {J^, ^} is a Hilbert extension 
of A 

4.21 Lemma G is compact and the spectrum spec Q on T coincides with the dualQ . For p € Irr T 
the Hilbert spaces Tip are irreducible w.r.t. G, i.e. there is a bisection Irrg T 9 p ^ D € G. 
Moreover A coincides with the fixed point algebra of the action of G in T and V\ T = Z . 

A. 22 Remark The DR-Theorem shows that any DR-category 7^ has an unique (modulo isomor- 
phisms) compact group Gur associated with it. We will show here that Gdr coincides with the 
compact group G obtained as a subgroup of stab A in the previous lemma. 
For any a € Ob 7^ = Ob T we can assign a Hilbert space as in the first step above: 

a —>■ Ha '■= © {p, (y)c'Hp . 

These Hilbert spaces together with the corresponding arrows (cf. Lemma I4.16() defines a TK- 
category 7^k for Gun and by construction it is clear that we have the isomorphism 7^k — '7c- 
But at the same time 7^k is a Tannaka-Krein category for G, since by Lemma l4.211 G acts on Tip 
irreducibly, p £ IrrT, and invariantly on TCa, a G ObT (recall that {p, a)c C A and G C stab^). 
Therefore ^dr and G are isomorphic, because they have the same TK-category. 

5. Step: Uniqueness of the Hilbert extension. 

First assume that the subcategories and 7^' are equivalent. We consider the Hilbert extension 
assigned to T^. The corresponding invariant Hilbert spaces are given by (|16|) . Now we change 
these Hilbert spaces by 
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Using the function ^ of Lemma [4. 161 so that Cg{TCa Ti-p) := 3^((a,/3)c) = (a,/3)c we obtain 



CgiV^Ha ^ VpHp) = VpCg{Ha ^ W/3)K: = (a,/3)c- (17) 

Further, w.r.t. the "new Hilbert spaces" we obtain the 'primed' permutators and conjugates of 
the second subcategory. This means, it is sufficient to prove that if the subcategory 7^ is given, 
then two Hilbert extensions, assigned to (T, 7^) according to the first part of the theorem, are 
always ^-module isomorphic. Now let T\^T2 be two Hilbert extensions assigned to T^- For 
p 6 Irro T let {*^pj}i){'^pj}fc be orthonormal bases of the Hilbert spaces Hp,H^, respectively. 
Then 

^Pi • ^-fc = Yj KUkKu Kll^k e (r, pa)c, r = 1, 2. 
Therefore the definition 

is easily seen to extend to an ^-module isomorphism from J^i onto J^2 (see ^3 p. 203 ff.]). 

Second, we assume that the Hilbert extensions T\^T2 assigned to T^^T^, respectively, are A- 
module isomorphic. The (/-invariant Hilbert spaces are given by Now let J be an ^-module 
isomorphism J: Ti ^ so that 

and again the Jiji]^ form a system of ^-invariant Hilbert spaces in ^2- Further we have the 
system Ti"^ in 7^2- That is, to each a we obtain two (/-invariant Hilbert spaces Ti^ and J{T-L]^) 
that are contained in the Hilbert module Let {*l*o,j}j,{^o,j}j be orthonormal bases of 

i7(7^^),7l!^, respectively. Then obviously Va '■= Ylj j is a unitary with Va G (a, a) and 

nl = 14 J{n],). Further, for X £ UiX G (hence XY G Ulp) we have 

Vo.J{X)VpJ{Y) = Vo^a{Vp) J{XY) = V^^p J{XY) , 

and this implies Vaop = Va x V/3. Finally, we argue as in (|17j) to obtain 

Vp{a,P)l:Va = {a,(3)l. 

and the latter equation implies Eqs. ((T!^ - (P3|l . 

5 Minimal Hilbert C*-systems for nonabelian groups 

Let be a minimal Hilbert C*-system with G nonabelian and such that the fixed point 

algebra A satisfies Property B. Recall from Eemark 13.101 (i) that p G IrrT if {p, p) = p{Z). In 
this case one has trivially that Z C p{Z). We will next show that for irreducible endomorphisms 
the previous inclusion is actually an equality. 

5.1 Proposition For any p G IrrT we have p{Z) = Z and p\Z is an automorphism of Z, 
i.e. p £ aut Z. 

Proof: Choose an irreducible endomorphisms p G Irr T and recall that in this case the conjugated 
endomorphism is also irreducible, i.e. (p, p) = 'p{Z). From Proposition I3.1b1 we have that the 
conjugates Rp and Sp := e{p,p)Rp satisfy the relations 

R;p{Sp) = l and S;p{Rp) = l, 
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and we can define in terms of these the following two vector space isomorphisms (see e.g. j34j ) : 

{p,p)BY ^Y*Rpe{i,pp) and {i,pp) 3 X ^ S;p{X) e {p, p). 
Composing these isomorphisms in the case of an irreducible pair p, p we obtain 

ip,p) 3 piz) ^ s;pipizrRp) = z*G ip,p) 

i.e. 

{p,p)3p{z)^z*e{p,p) 

is a vector space isomorphism from (p, onto {p,p)- Therefore p{Z) = Z and p^Z is an 
automorphism of Z. ■ 

From the previous proposition it follows immediately: 

5.2 Corollary (i) Let X = pio p20 . . . o p„, where pi € Irr T, i = 1, . . . ,n. Then X{Z) = Z and 

A [" Z € aut Z . 

(a) For any unitary U ^ A we have (adC/ o p)^Z = p^Z, p G IrrT. 

Prom the previous result we can now introduce the following automorphism on Z which only 
depends on the class D £ Q: 

g B D ^ ao := Pd\Z e aut Z . (18) 

We will introduce next an equivalence relation^ in g which, roughly speaking, relates elements 
D,D' G g if there is a "chain of tensor products" of elements in g containing D and D'. This 
equivalence relation appears naturally when considering the action of irreducible canonical endo- 
morphisms on Z (see Theorem 15.71 and Remark 15 . 81 below) . 

To make the preceding notion precise recall the algebraic structure of g: denote by x the 
natural operation on subsets of g associated with the decomposition of the tensor products of 
irreducible representations: for Di,D2 € g the set Di x D2 contains the corresponding classes 
that appear in the decomposition of Uo^ <8i U^^, where Ud, € Di, i = 1,2, is any representant of 
the corresponding class. That means that if 

s 

U]ji ® U]j2 = ® nik Uo'^ {nik = multiphcities ) , 

k=l 

then Dix D2 = {D[, . . . , D',}. For r,ri,r2 C § put 

Fi X Fs = U{L'i X L>2 I A G Ti, i = 1, 2} and DxT = {D} x F . 

Further if D € ^ denotes the conjugate class to D £ g denote by F = {D \ D € F}. Recall 
in particular that D e Dq x Di, D' £ D'q x D[, then D x D' C Dq x Di x D'q x D[ or that 
1 G F X F (cf. ^33, Definition 27.35] for further details). 
We can now make precise the previous idea: 

5.3 Definition D,D' £ g are called equivalent, D ~ D' , if there exist Di, . . . , Dn € g such that 

D,D' eDiX ...xDn- 

^We would like to acknowledge an observation of P.A. Zito concerning the equivalence relation that served to 
simplify the presentation below. 



25 



5.4 Remark (i) It is easy to check that the relation ~ is an equivalence relation in Q. Indeed, 

reflexivity and symmetry are trivial. To show transitivity let D k, D' as above and D' ~ D" , 
i.e. D',D" € D[x . . .X D'f, for some D[, . . . , D'f^ € §. We wiU show that D, D" is contained 
in the larger chain 

r := L»i X . . . X D„ X Dix ...X Dn x D[ x . . . x D[ . 

Indeed, D" G T, because 1 e Dix . . .x Dn xDi x . . . x and D" e D[x . . .x D[. Further, 
since D' ^ Di x . . . x Dn and D' G D[ x . . . x D'l^ we also have that 1 G Di x . . . x Dn x 
D[x ...X D'^, and therefore D eV (cf. Theorem 27.38]). 

Denote by square brackets [•] the corresponding chain equivalence classes and by C(^) the 
set of these equivalence classes, i.e. 

€{g) :={[D]\DGg}. 

(ii) Note that any pair D,D' G Dq x Di satisfies by definition D ^ D' . Therefore for Dq, Di ^ Q 
we have that Dq x Di also specifies an element of ^{Q) and we can simply put 

[i?o X Di] := [D\ , 

where D is any element in Dq x Di. 

(iii) It is also possible to formulate the previous equivalence relation entirely in terms of char- 
acters. 

We will define on ^{Q) a product m (see Eq. ()2U() below) so that (C(^),k) becomes an abelian 
group which for simplicity we call chain group. Moreover, the chain group can be related to 
the character group of the center C Q. For this recall also the notion of conjugacy class of a 
representation (cf. [Ml): let D & Q and Uu any representant in D. By Schur's Lemma we have 

Un\C = T^-l, (19) 

and it can be easily seen that T^, is a character on the center C of ^ which only depends on D, 
i.e. To G C. 

5.5 Theorem Let Q he a compact nonabelian group and denote its center by C. 

(i) The set ^{G) becomes an abelian group w.r.t. the following multiplication: for Dq,Di G G 
put 

[Do] s [Di] := [Do X D{\ (20) 

(recall Remark ed. 4\ (H))- 

(ii) The conjugacy classes T^, (cf. Eq. Ji.^j) ) depend on the chain equivalence class [D]. The 
chain group and the character group of the center of G are isomorphic. The isomorphism 
is given by 

rj : (t{G) ^ C with rj{[D]) := T[o] , 
where Tfj,] is the conjugacy class associated with [D] G ^{G)- 

Proof: (i) Recall first that by R.emark 15.41 (ii) the r.h.s. of (|2()j) is well defined. We need to verify 
next that the l.h.s. of ()2U|) is independent of the representants Dq, Di G G- suppose that Do ~ D'q 
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as well as Di ~ D[ and we will show that any D G Dq x Di is related to any D' G Dq x D[, 
i.e. D ~ D', so that they specify the same equivalence class. Let 



A,^^ G Ai X ... X A.. , i = 0,l, 
for some Ai, • • • , A*; € Then 

€ A X i?i C Z?oi X . . . X Afeo X X . . . X i^,,^ D Z?^, X Z?; 9 Z)' . 

This shows that D ^ D' and the product h is well defined. 

The neutral element of C(^) is given by the class generated by the trivial representation 1. The 
inverse element to [D] is given by [D], because 1 ^ D x D. Finally the commutativity of the 
product is guaranteed by the equation Dq x Di = Di x Dq (see jSSl Theorem 27.38] for details). 

(ii) To show that the mapping r] is well defined note that for the tensor product of irreducible 
representations U^^, i = 1, . . . ,n, we have 

Un,<S)...^Un„\C = T^^- Tb„ 1 . (21) 

Even more, any irreducible representation appearing in the decomposition of Uo^ ® . . . ^ Ud,^ 
defines the same conjugacy class Tj,^ • . . . • T^,^^. This shows that if Z) ~ D' , then Tj, = T^,' and 
that the r/ is a group homomorphism from t{Q) to C: 

Similarly we can consider the group homomorphism rf: C ^ ^(^) given by 

C 9 c ^ , where ^]c{[D]) := T[o](c) , [D] G ^{Q) . 

The homomorphism ff is injective because if ??co([-^]) = 1 ^or all [D] € ^{G), then Udco) = 1 
for all D G Q, hence cq = e (recall from Gelfand-Raikov's theorem |321 Theorem 22.12] that the 
continuous irreducible unitary representations of G separate the points of the group). 

Finally, the surjectivity of rj is an application of Tannaka's duality theorem (cf. Theorem 30.40 
in j33j). To sketch the argument we need to recall the following facts. Let T^k be a Tannaka- 
Krein category associated with the compact group Q. We denote by {'Hn}DeS ^ complete set of 
irreducible objects. A representation r of T^k is an assignment 

Ob7:rK 3 H ^ x(n) G U{n) (Unitary operators on H) , 

which is compatible with the direct sums, the tensor products, the conjugation structure and the 
arrows of T^k (see properties A — Tg in 30.34 of for further details). Now any character 
X G ^(G) specifies the following assignment 

Taking into account direct sums, tensor products, the conjugation structure and the arrows of 
we may extend c^(-) to a representation of • By Tannaka's duality theorem c-^(-) specifies 
an element of Q. Even more, c^^{-) G C, because 

c^iHn) ■ giHn) = giHn) ■ c^iHn) , DgG 

implies 

c^iU) ■ g{n) = g{n) -c^iU), He Oh%^ . 

Therefore ryc^ = x a^id we have shown that C and ^{Q) are isomorphic. Pontryagin's duality 
theorem concludes the proof. ■ 
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5.6 Remark (i) The injectivity of the mapping rj in the previous theorem was stated as a 

conjecture in the first version of this paper (see Conjecture 5.10 in [6J. This conjecture 
was then proved by M. Miiger in |^. For the sake of completeness we have included a 
simple proof of this property. We also refer to [SZj for further nice consequences of the 
isomorphism <t{Q) = C in the context of fusion categories. 

(ii) We will leave for the end of this section the computation of chain groups associated with 
several finite and compact Lie groups. In all the examples we will show explicitly that the 
chain group ^{G) is isomorphic to the character group C{G) of the center of Q. 

We will now concentrate on the relation of the chain group ^{G), associated with the group G 
of a Hilbert C*-system {J^, G}, with the irreducible canonical endomorphisms restricted to Z. 
In particular recall the automorphisms on Z given in Eq. H18() by a^, := Pd\Z € axiiZ which are 
associated with any class D £ G- 

5.7 Theorem (i) Let D,D' € G be equivalent, i.e. D ~ D' . Then ap = oto' we can 

associate the automorphism ajoj G aut Z with the chain group element \D] € ^((/). 

(ii) There is a natural group homomorphism between the chain group and the automorphism 
group generated by the irreducible endomorphisms restricted to Z (cf. Provosition \5.1\) : 

<i{G) 3 [D] ^ apj G aut 2: . (22) 

Proof: (i) First we show that if A = pi o . . . o is a finite product of irreducibles whose dimensions 
are larger than one, then Aj'^ = au for all -D G ^ appearing in the decomposition of A: for this 
recall from Proposition 14.61 that A can be decomposed as 

x{-) = ^w^,pU-)w;^^, (23) 

where the p^'s, D gG, are irreducible and {Wn,j}j is an orthonormal basis of {pjj,X). Then by 
Corollarv 15.21 (il and Proposition 15. II we have X{Z) G Z for all Z G 2 as well as 

XiZ) = aniZ) = o^d{Z) Y Wn,jW*^, = ^ »niZ)E, , 

D,j O j D 

where 

E,:=YWn,m,j (24) 
j 

is the so-called isotypical projection w.r.t. D G G- Therefore Y1id'^d{Z)Eo = X{Z) or 
^^(ao(Z) — X{Z))Ea = and this implies (aoiZ) — X{Z))Ea = for all D appearing in 
the decomposition of A. Using ()24() and the orthogonality relations of the Wjj^'s we obtain 
finally Oj, = A]"^, hence all irreducibles po occurring in the decomposition of A coincide on Z. 

Second, let D k, D' , i.e. D, D' € Di x . . . x Dn for some Di, . . . ,Dn € G (cf. Definition EHJ- For 
the endomorphisms this implies that po and po' appear in the decomposition of po^ o . . . o p^^ 
The arguments of the first part of the proof show that 

Od = "d' • 

(ii) The homomorphism property follows immediately from the arguments of the proof of part (i) 
since for any Di , D2 G ^ we have 

(recall Theorem (i))- ■ 
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5.8 Remark Note that the chain group and in particular Theorem l5.7l fi) completes the picture of 
the action of the irreducible canonical endomorphisms on the center Z of the fixed point algebra 
A (recall also Eq. (|18jl ). Indeed, we may summarize this action by means of the following diagram 

Q <t{g) aut Z 

D [D] Op] 

5.9 Theorem Let A G Ob T. Then its action on Z can be described by means of the following 
formula 

[d] d' e [D] 

where E'^' is the isotypical projection w.r.t. D' ^ Q . 

Proof: First note that for a general A G Ob T the equation (|2H|) is still valid (cf. Proposition I4.(ij) . 
From this we have for Z ^ Z 

A(Z) = Y,<^d{Z)Y,Wo,,WI^ = Y,»n{Z)E, = E«Pl(^) • ( E ^^') ' 

D j D [d] D' e [D] 

where for the last equation we have used Theorem 15.71 (i) . ■ 

Next we show how a nontrivial chain group homomorphism (|22j) acts as an obstruction to the 
existence of a symmetry associated with the larger category T. 

Let H,H & IviTg be irreducible algebraic Hilbert spaces and ^ = ?iZ,S) = HZ G IrrA^g 
the corresponding free -E-modules. By Proposition 14.41 we associate with them the irreducible 
endomorphisms p,p& Irr T and denote the automorphisms of their restriction to Z by 

a := Z and a:=p^Z. 

If and are orthonormal basis of Tl resp. Tl, then 

^» •= E ^"^^ •= E ^i' ^i'j ^j'i ^ ^ ' (2^) 

i' j' 

are arbitrary orthonormal basis of the corresponding modules resp. i^, where 

3 := (^.'i)^',i and 3 := (^/.O/j G Mat (Z) satisfy 3*3 = 33* = 1 = 3*3 = 33* • 

5.10 Proposition With the previous notation define 

e{n, H) := E ^] ^* and e(^, ^) := E • 

Then we have 

e{n,n) = e{^,^) iff 5(3)3* = 1 and 3 a(3*) = 1 , 
where 5(3) := (5(Zj'j))j/^j G Mat (Z) (similarly for a(3*) )■ 

Proof: Using Eq. ()25() we have 

e(i3,^) = ^ ^j,Zj,,^,Z,iZ*„^^*„Z*„,'^>*„ 

= Y^^j<^i^*<!>* = e{n,n) 
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Multiplying the previous equation from the left with and from the right with $j„$,„ we 

*o Jo 

obtain 
That means 

Yl ^ioi «(^ioi) = '^ioio ^nd J]] 5(Zi, i) Z* ^ = 5^, . 
and the proof is concluded. ■ 

5.1 Examples of chain groups for some finite and compact Lie groups 

We will give next several examples of chain groups associated with nonabelian finite and compact 
Lie groups. We will also show that in all the examples considered the chain group is isomorphic 
to the character group of the center. Note also that if the group is abelian, then one can identify 
the chain group with the corresponding character group. 
If Q is the group we will denote its center by C{Q) and the corresponding chain group by ^{G)- 

Compact Lie groups: We begin with the case Q = SU(2). Denote by 

/G{0,i,l,f,...} = SU(2) 

the class specified by the usual representation T^'^ of SU(2) on the space of complex polynomials 
of degree < 21 which has dimension 2/ + 1. Then the decomposition theory for the tensor products 
T^i) ^T^i') (cf. [31 Theorem 29.26]) gives 

ixi' = {\i-i'\,\i-i'\ + i,...,i + i'} , /, r G {0, i, 1, 1, . . .} . 

This decomposition structure implies that 

I l' iff are both integers or both half- integers . 

We can finally conclude that 

£(SU(2)) = {[0],[i]}-Z2-C(SU(2)). 

Using Brauer-Weyl theory one can directly establish for Q = SU(A^) the isomorphism between 
the corresponding chain group and the character group of the center.^ 

Similarly one can proceed in other examples. Using well-known results on the decomposition 
of the tensor product of irreducible representations (see e.g. |331 Section 29]) we list the following 
further examples of chain groups. 

(i) If ^ = U(2) we have that its dual is given by the following labels: 

U(2) = { (m,/) I / e {0,i, !,§,...}, m e Z and m + 2Z even } . 
Then we compute 

<t (U(2)) = { [(m+, 0)] , [(m_, \)] | m+/m_ is even/odd } ^ Z ^ C(U(2)) • 
^Christoph Schweigert, private communication. 
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(ii) Hg = 0(3) we have 

o(3) = {(o,o, (1,0 MG{o,ii,i,...}} 

and 

e: (0(3)) = { [(0, 0)] , [(1, 0)] } - = C{di3)) . 

(iii) For G = S0(3) recall that 

S0(3) = {0,1,2,...}. 
In this case the corresponding center as well as the chain group are trivial: 

e:(so(3)) = {[0]} ^c(so(3)). 

Finite groups: We consider first the family of dihedral groups Q = D2m, m > 2. The group 
D2m has order 2m and is generated by two elements a, b that satisfy the relations 

a'" = 52 = e and bab = a"^'^ . 

We consider first the case where m = 2Z, / € N, is even. Then the center of D2m is C(D2m) = 
{e, a'} = Z2 and its dual is given by 

i5^ = {i,xi,X2,x3}u{Dfc \ k = i,...,^}, 

where {l,Xi5X2)X3} ^-i^s 1-dimensional representations and {Dk}k = \ £^re 2-dimensional repre- 
sentations. From the results concerning the decomposition of tensor products of irreducible 
representations stated in |3S1 §27.62 (d)] we conclude: 

(2:(I])2m) = { [1] , [Dl] }^Z2 = clpZ) ■ (26) 

To check the details of the previous example B2m, m = 2^, ? G N, it is useful to distinguish further 
between the cases I even or odd. Indeed, if I is even, then 

1 K, x\ ~ X2 Xz ^ Dk , k even and Di « Df^i , k' odd . 

If / is odd, then the corresponding chain classes have slightly different representants 

1 xi ^ Dk , k even and X2 ~ X3 ~ -^i ?a D^/ , k' odd . 

Similarly we can use the results in |331 Section 27] to compute the following family of examples: 

(iv) Q = B2m with m odd. Then the center is trivial, C{]Q)2m) = {&}, and 

B^ = {l,Xi}^{Dk\k = l,...,^}, 

where {1, XItX2, Xs} are 1-dimensional representations and {-Dfcjfe i 1 are 2-dimensional rep- 
resentations. As before we compute 

^{02m) = { [1] } = ClpZ) . 
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(v) Let Q = be the generalized quaternion groups which is a group of order 4m generated 
by two elements a,b that satisfy the relations a^*" = 6"^ = e, 6^ = a"* and bab~^ = a^"*"^. 
Its center is given by C(Q4m) = {e, a™} = Z2 and 

Q4m = {l,Xi,X2,X3} U {-Dfc \ k=l,...,m-l}, 

where {1, Xi; X2 5 Xa} ^'^'^ 1-dimensional representations and {1)^}™^! are 2-dimensionaI rep- 
resentations. Distinguishing again between the cases m even or odd we obtain using [331 
§27.62 (e)] 

m^m) = { [1] , [Di] } ^ Z2 = C(Q^) . (27) 

(vi) We conclude this list of examples mentioning the cases of the permutation groups F3 , P4 
and the the alternating group A4 which have trivial center. It is straightforward to verify 
that the corresponding chain groups are also trivial. 

5.11 Remark As stated in Corollary 3.2 of jSZl the isomorphism between the chain group of G 
and the character group of its center shows that the center of a compact group depends only on 
the representation ring of Q. This is in fact explicitly verified for the groups Ogi and Qg;, I € N, 
which are particularly interesting for this question. Recall that these groups are non-isomorphic 
but have isomorphic duals (cf. [331 §27.62 (f)]) and therefore isomorphic chain groups. Therefore 
the centers of Dg/ and Qg^ must also be isomorphic (compare with the Eqs. (|26|l and (|27|) above). 



6 A family of examples 

In this section we will give a family of examples of pairs of categories Tc < T, where is 
admissible (recall R,emark 14.121 (ni))- 

Let be a unital C*-algebra with trivial center, Z{Ac) = CI, and satisfying Property B. 
Denote by 3 a unital abelian C*-algebra and define 

which is again a C*-algebra with unit 1 (8) 1 and center Z = Z{A) = 1 (?) 3- Let Tj^^ be 
a DR-category (recall Definition I3.18() realized as endomorphisms of Ac- The objects of T^h 
are denoted by p,a etc. and the corresponding arrows by {p,(j)- Let Q be the compact group 
associated with 7^^ and denote by <t its corresponding chain group. We consider also a fixed 
group homomorphism (recall Theorem 15. 7|) 

^B[D]^ ap, G aut Z . (28) 

We can now start defining the C*-category T realized as endomorphism of the larger algebra 
A with nontrivial center Z. To identify the new objects we proceed in two steps: first we extend 
irreducible endomorphisms in to endomorphisms of A. Second, we use the decomposition 
result in Proposition 14.61 to extend general objects in T^^ to endomorphisms of A. The extended 
endomorphisms of the larger algebra A are interpreted as new objects of the category T. 

(a) If p is irreducible, p G Irr T^^ , we define 

p := p(E) ap] G end A , 

where D Q is the corresponding class associated with p G IrrT^^ (cf. Remark I3.19|) . 
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(b) Let r G Ob . According to Proposition 14.61 the endomorphism r can be decomposed 
in terms of irreducible objects as 

where {Wp^i}i denotes an orthonormal basis of (p, r) and p G IrrTo^. We assign to r the 
following endomorphism of A 

r{.) ■= Y,{Wp^i®l) p{-) {Wp,i®lT 

= Y.^Wp,ip{-)Wli)®aU-), (29) 

P,i 

where for the second equation we have used the previous item (a). 

(c) The arrows in T are defined as usual 

{p,T):={A(^A\Ap{X) = T{X)A, X^A}. 

6.1 Proposition Let T he the C*-category defined by means of (a),(h) and (c) above. Then the 
objects p,pi,p2 defined in part (a) satisfy: 

(i) Irreducibility: p € IrrT, i.e. {p,p) = p{Z) = Z. 

(ii) Pairwise disjointness: {pi,p2) = {0} if pi 7^ P2- 

Proof: For the proof it is convenient to apply Gelfand's theorem: any Z € 3 can be identified 
with a continuous function over the compact space spec (3), Z{-) € C(spec3), and 

A = Ac(E)'5 = C(spec3 ^ Ac) ■ 

In particular, we will need below that any elementary tensor A = Aq fSi Z ^ Ac ® 3 can be 
expressed as the function spec 3 9 p — > A{p) = Z{p)Aq. 

(i) Let p '■ — /O G OhT with D G G associated with p G IrrTj^p; by means of the DR- 

Theorem (cf. Remark 13. 19|) . It is clear that p{Z) C (^p,p), since 

p{Z) = 1 ®a[z,](3) = l^^ = ZC{p,p). 

For the converse inclusion let j4 G (p, /o). In particular, this implies 

Ap{X = piX (^1)A, XeAc- 

The previous equation can be rewritten using Gelfand's theorem in terms of functions over spec 3 
as 

A{p) p{X) = p(X)A{p), XGA,pespec3. 

Since p G IrrTj^p , i.e. {p, p) = CI, we conclude that A{p) = A(p) 1, where A is a continuous 
scalar function on spec 3- Applying once more Gelfand's theorem we have 

^G1®3 = 1® a[D](3) = p(.Z) 
and we have shown that p G Irr T. 
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(ii) Let Pi = Pi a[D,]) Pi ^ Iit^ri ^ = 1)2, and pi ^ p2- To show the disjointness relation 
(pi!/02 ) = {0} choose A ^ {pi,P2) C A = Ac'^ "5- The intertwiner element A must satisfy in 
particular 

A {pi (g) am,]) {X 1) = {p2^ain,]){X (gl)A, X € Ac , 
which in terms of functions over spec 3 means 

A{p) pi {X) = p2 {X) A{p) , X gAc , pe spec 3 • 

Since pi ^ p2 are irreducible in T^j^ we have {pi, P2) = {0}, hence A{p) = 0, ^ G spec3, and we 
conclude that ^ = 0. ■ 

We can now state the main result of this section, namely the specification of a family of 
examples satisfying the hypothesis of Theorem l4.14[ Note that from the construction prescription 
in (a) and (b) above, there is a bijective correspondence between ObT^R (which are realized as 
endomorphisms of ^c) and ObT (which are realized as endomorphisms of the larger algebra 
A = Ac® '5). 

6.2 Theorem Let Ac he a unital C*-algebra with trivial center (and satisfying Property B). De- 
note by ^ a unital abelian C*-algebra and define 

A:=Ac®'^ so that Z := Z{A) = 1 ® ^ . 

If T^fj is a DR-category (cf. Definition realized as endomorphisms of Ac, let T be the 

C*-category specified by (a),(b),(c) above. Define the C*-category Tc as follows: Ob 7^ := ObT 
and 

{a,T)c ■■= (o-,r) (g)lcA, 

where a,T are the objects in T^p, corresponding toa,T(z ObT. Then Tc is an admissible subcat- 
egory of T , i.e. the arrows satisfy the equation 

{a,T) = {a,T)^a{Z), (30) 

(cf. Theorem \4-.ll\) . 

Proof: We need to show Eq. (|30j) . that means that we can generate the "larger" arrows set 
of T with the "smaller" arrow set of Tc and the center Z. From the decomposition result in 
Proposition 14.61 it is sufficient to prove the special case 

{pJ) = {p,T)^p{Z), pelvvT,TeOhT. 

First we show (/O, r) ^ (Pjt)^ p{^)- ^or this, take an orthonormal basis {Wp^i}f^^ C (/O, r), where 
p G IrrT^j^, r E ObToR. It is enough to show that for any / = 1, . . . ,n and any Zq G 3 the 
following equation holds: 

(^{Wpj®l)p{l®Zo)'^p{X®Z)=T{X®Z)(^{Wpj®l)p{l®Zo)^ , XeAc, ze3. 

Using the definition of irreducible p in part (a) above we can rewrite the last equation as 

Wpjp{X)®aio]iZoZ) = T{X®Z)(Wp^i®ain]{Zo)) , X e Ac , Z e 3 , (31) 

where D ^ Q corresponds to p € IrrToH according to DR-Theorem. We consider now the 
expression t {X ® Z) separately and use Eq. to obtain 

t{X®Z) = Y,{Wp',v p'{X) W;,^,) ® a,^,,{Z) , 

p',l' 
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where {VFp/^;/}/' C {p' ,t) is an orthonormal basis and D' ^ Q corresponds to p' G IrrToj, . 
Inserting this in the r.h.s. of Eq. and using the orthogonahty relations W*, iiWp^i = 5pp/5ii' 
we obtain 

t{X®Z) {Wp,i am^iZo)) = Y^^Wp-,, p' {X) W;,j,Wpj) (a[B'](Z)«p,(Zo)) 

p',i' 

= Wpjp{X)®ai^^{ZoZ) 
which coincides with the l.h.s. of Eq. (|31() . This concludes the proof of the inclusion (p, r) 5 

To show the reverse inclusion choose A E (p, r) so that 

Ap{X(g)Z) = t{X^Z)A, XeAc,Z£3 

A(p(X)®apj(^)) = {Y,{Wp,j, p'{X)WPj>)^a^o',iZ))A, 

p',i' 

where {VFp',/'};' C {p',t) is an orthonormal basis as before. Multiplying the previous equation 
with W*i (S> 1 from the left we get 

{{W;^l 1)A) {p (X) ^ = {p (X) a^oiiZ)) {{W*pj ^ 1) A) , X € Ac , Z € 3 , 

and this shows that 

{w;^i^i)Ae{p,p) = p{i^^), 

where for the last equation we have used Proposition 16.11 (i). Therefore, for any Wp^i there is a 
Zp,i G 3 such that {W*i (g) 1)^ = 1 (giQ[oj(Zp,/). Multiplying this relation from the left by Wp,/ ® 1 
and summing up w.r.t. I we obtain 

YiEp ^1)A = J2 Wp,i <^ api(^p,z) , 
I I 

where Ep := Wp^i W*i G (t, r) is the isotypical projection w.r.t. p G IrrT^^j^. To conclude the 
proof recall the disjointness relation in Proposition 16.11 (ii) which implies 

(Ty,V0l)AG(p,p') = {O} for all p/p', 

hence {Epi (g) = for all p ^ p' . Now from the property ^pEp = 1 of the isotypical 
projections we obtain 

A = Y^Wp^i ® ainiZp^i) = 1) (1 ain]{Zp,i)) G p{Z) 

I I 

and the proof is concluded. ■ 

We can now apply Theorem 14.141 to the pair of categories Tc < T constructed in this section 
to obtain the following result: 

6.3 Proposition Let < T he the pair of C*-categories constructed in Theorem \6.^ where 

is an admissible subcategory of T. Then there exists an essentially unique minimal and regular 
Hilbert extension {!F, Q} of A. 

6.4 Remark Note that construction of the inclusion of C*-categories 7^ < T in Theorem 16.21 
depends crucially on the choice of the chain group homomorphism in Eq. (|28j) . Therefore different 
choices of this homomorphism will produce different minimal and regular Hilbert extensions. 
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7 The case of a trivial chain group homomorphism 

We will assume in this section that the chain group homomorphism given in Eq. (|22() is trivial. We 
will see that in this case the analysis of minimal Hilbert C*-systems {T, Q} simplifies considerably. 
In fact, this assumption implies that any irreducible endomorphism acts trivially on the center 
Z and by Proposition 14.61 we finally obtain 

pf2: = idfZ foranypGObT. (32) 

For example, the chain group homomorphism is trivial if the chain group ^{Q) itself is trivial 
(see the examples in (iii),(iv) and (vi) of Subsection l5.1|) . This means that any D ^ Q lies in the 
chain equivalence class of the trivial representation. 

7.1 Proposition Let {J^, Q} he minimal Hilbert C*-system with fixed point algebra A satisfying 
Property B and center Z = AO A' . Then the center of J- coincides with Z, i.e. T V\J-' = Z. 

Proof: Let p = p-j-c he irreducible, p{A) = with an orthonormal basis {^j}j of H. 

Since p{Z) = Z we get ^jZ = Z^j for all j. Further T = C*{A, {H}), where TC runs through 
all irreducible Hilbert spaces. This implies ZF = FZ for all F ^ T. Therefore Z C n C 
^' n J" = Z, hence r\ ^ = Z follows. ■ 

Next we show that in the case of a trivial chain group homomorphism one can still associate a 
symmetry with the larger category T. For this purpose, recall from Proposition 14.41 that to any 
p G ObT there exists a unique free ^-bimodule S)p G ObA^g. 

7.2 Corollary Each canonical endomorphism of a minimal Hilbert C*-system {J-,G} is a Z- 
module endomorphism. The symmetry e{p,a), p,cr ObT, defined for orthonormal 
basis in Sjp, Sj^ by 

satisfy the corresponding properties of Proposition 1,9. 51 

Proof: From the result T' V\ T = Z and the definition of a canonical endomorphisms we get 
immediately that p{AZ) = p{A)Z = Zp{A) for any p G ObT and any Z ^ Z, hence the objects 
in T are ^-module endomorphism. In particular, this also implies a := p^Z = id ^Z for all 
p G ObT. Therefore by Proposition 15.101 we get that the definition of e(-,-) is independent of 
the module basis chosen in the Hilbert ^-module assigned to the objects of T. The additional 
properties of e(-, •) are then verified easily (cf. Proposition 13. 15|1 . ■ 

7.3 Remark (i) As already mentioned in [7| Remark 6.4] it is not possible in general to as- 

sociate a symmetry e(-, ■) with the larger category of canonical endomorphisms T. The 
reason is that, in general, the formula in the previous corollary is not independent of the 
module basis chosen (recall Proposition I5.10|) . Therefore the existence of a symmetry in 
the present context suggests that the nontriviality of the chain group homomorphism given 
in Eq. ()22() is an obstruction to the existence of a well defined e within the category T. 

(ii) The present section is also related to the notion of extention of C*-categories C by abelian 
C*-algebras C(r) studied in In this reference it is shown that the DR-algebra as- 

sociated with an object of the extension category is a continuous field of DR-algebras 
corresponding to the initial category C. (For the construction of DR-algebras associated 
with suitable C*-categories see [TU].') 
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The previous corollary means that, in the present situation, the category T of all canonical 
endomorphisms is "almost" a DR-category (cf. Definition I3.18() : in fact, there is a permutation 
and a conjugation structure. The only difference is that we have {l, l) = Z D Cl. 

The next theorem shows that, using the central decomposition w.r.t. the common center Z 
(cf. Proposition 17. a minimal Hilbert C*-system {JF, Q} satisfying p^Z = id^Z, p € ObT, 
can be considered as a direct integral of Hilbert C*-systems {^(A), G}x, A € specZ, with trivial 
relative commutant and a fiber-independent compact group. Moreover, the Hilbert C*-systems 
{J^{X),G} associated with the base points A are Hilbert extensions of their fixed point algebras 
^(A) which carry DR-categories given by the fibre decomposition of the category T of {J^, Q}. 

We assume for the rest of this section that the C*-algebras A and J- are separable and faithfully 
represented in some Hilbert space f). We put Z = C{T), T := spec 2 (cf. Section inj. 

7.4 Theorem Let {TjQ} be a minimal Hilbert C*-system with fixed point algebra A satisfying 
Property B. Z is the common center of A and T (cf. Proposition \7.1\ ). The fiber C*-algebras 
corresponding to the central decomposition w.r.t. Z (cf. Section\^ are denoted by ^(A), J^{X), 
A € r. Then, there is an exceptional Borel set Fq C F, with /u(Fo) = 0, such that for all A G F\Fo, 

(i) A{X) C and A{\) satisfies Property B (cf. Subsection \8.1\) . 

(a) Let 7i d J- be a Q -invariant algebraic Hilbert space with support 1. Then the fiber spaces 
7Y(A) C .^(A) are again Q -invariant algebraic Hilbert spaces satisfying supp'H(A) = 1. // 
i3 = TiZ is the free Z-bimodule generated by Ti, then ^(A) = 7i{\). 

(Hi) {J-{\),Q} is a Hilbert C*-system. Let p,(T ObT be canonical endomorphisms and de- 
note by p\,ax their fibre decomposition (cf. Proposition \9.,'^) . Then px,o'x are canonical 
endomorphisms associated with {^(A),^} and the intertwiner space {px,crx) is given by 
{Px,(^\) = (P,cr)A. 

(iv) The category Tx of canonical endomorphisms associated with {^(A),^} is a DR-category, 
that means in particular {Lx,ix) = CIa and the Hilbert C*-system {^(A),^} has a trivial 
relative commutant. 

Proof: (i) The inclusion ^(A) C ^(A) is obvious from Theorem 19.11 in the appendix. The C*- 
algebra A satisfies Property B, if there exist isometrics V,W (z A satisfying VV* + WW* = 1. 
By Theorem 19.11 it follows that the representation of V, W on the fibre spaces satisfy analogous 
properties. 

(ii) Let be an orthonormal basis of the ^-invariant algebraic Hilbert Ti. £ OhTg. It 
transforms according to a unitary representation U oi Q. By Theorem 19. II we have that, for A € 
r\Fo, {^i{X)}i is an orthonormal basis of TC^X) transforming according to the same representation 
U (hence H(A) is t/-invariant) and supp7Y(A) = 1. Finally, let S) = 7iZ C he the free Z- 
bimodule generated by Ti. Any H £ can be written as Zi for some Zi G Z^ hence its 
fibre component becomes 

i/(A) = ^$.(A)Z,(A) G W(A). 

i 

This shows = H{\) for ah A E F \ Fq. 

(iii) The first part follows already from (ii). Eq. (|32|) implies that all canonical endomorphisms 
of {J'^,G} are -E-module endomorphisms, hence from Proposition 19.31 we have 

px{A{X))=Y,'^,{X)A{X)'^,{Xr, 

i 

i.e. px is canonical w.r.t. {J^{X),Q}. Finally, it is straightforward to show that A G (p, o") iff 
^(A) G (pA,f^A) for all A G F \ Fq. 
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(iv) The permutation and conjugation structures of Tg (recall Subsection \'6.'6\i can be "disin- 
tegrated" and the fibre components define the permutation and conjugation structures of T\. 
Finally, (t, t) = Z implies {ix,ix) = CIa and ^' n = Z gives ^(A)' n = CIa for all 



7.5 Remark Note the item (iii) in the previous theorem implies that the compact group Q is 
unique for all ^(A), A € F \ Fq, even if spec 2^ is disconnected. 

Furthermore we have the following inverse theorem. 

7.6 Theorem Let A he a unital C*-algehra with center Z and satisfying Property B. Suppose that 
F := specZ is connected and let T he a tensor C*-category realized as unital endomorphisms of 
A and equipped with the following properties: 

(i) All p G Ob T are Z -module endomorphisms. 

(a) T is closed w.r.t. direct sums and suhobjects. 

(iii) T is equipped with a permutation and a conjugation structure (cf. Propositions and 

Then there is a minimal Hilbert extension {J^, Q} of A with J^' J- = Z and such that T is 
isomorphic to the category of all canonical endomorphisms of {J^,Q}. 

Proof: Let A = J-p A{X)fi{d\) be the central decomposition of A over the direct integral 
L^(F,/i,fA) (cf. Theorem 19. Ij) . Denote by T(A), A G F \ Fq, the C*-category associated with 
„4(A) given by the fibre decomposition of T and whose objects px are realized as endomorphisms 
of ^(A) (cf. Proposition 19.31 and recall that Fq is the corresponding exceptional set). First we 
show that T(A) is a DR-category (recall Definition 13.18(1 : indeed, (lxtI-x) = CIa follows from 
the fact that that the C*-algebras ^(A) have trivial center (cf. Theorem 19. Note also that 
p G IrrT iff {px, px) = CIa, A G F \ Fq, i.e. px G IrrT(A). Closure under direct sums and 
subobjects follows from (ii). Recall that from (i), (iii) and Corollarv 17.21 we have a well defined 
permutation structure on T which can be carried over to T(A). Similarly we can "disintegrate" 
the conjugation structure, e.g. we have for the conjugate 

{l,pp) 3 Rp = j^^Px l^i^^) 

and Rp^ satisfies the corresponding properties on the fibre. This shows that T(A) is a DR-category 
for ah A G F \ Fq. 
Now, by the DR-theory we have on the one hand that 

where dp^ G N. On the other hand R*pRp G 2 = C(F) and therefore A — > dp^ is continuous on 
F. That means that dp^ = dp G N is constant over F. We use this result to analyze the Hilbert 
extension {T{\),Q{\)} of ^(A) which satisfies A{\)' r\ = CIa (cf. .3 ))- The existence 

of this fibre Hilbert C*-system for all A G F \ Fq is guaranteed by the DR-Theorem. For any 
Px G IrrT(A) we consider a dp-dimensional algebraic Hilbert space Wp^ = Tip, which is constant 
over F and generated by the an orthonormal basis i.e. 

Hp = span {$p,j I i = 1, . . . , dp} . (33) 
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We may assume that the isometries $p^j are represented on a fixed Hilbert space f)o- For any 
arbitrary tx € Ob T{X) we associate the algebraic Hilbert space 

nr{x):= © {px,Tx)np. 

pxelTxTiX) 

We have 

HriX) C (A) := I Yl ^PAj(A) ^pj [ C ^(A) := clo (A) 

and the elements of the algebraic Hilbert space are bounded operators on fA © f)o- Put 

^ := ^ ^(A)/i(dA) C £ {L\r, ^, fA ® f)o)) 

with C*-norm given by || • || := ess sup;^ |[ • ||a- 

Finally we have to define a compact group action on JF. For this, recall that on each fibre over 
A G r \ Fq, the compact group ^(A) acts as follows: each A{X) G -4,(A) is left pointwise invariant 
under the group action. Moreover, any Tip, p G IrrT, carries an irreducible representation of 
^(A) which does not depend on A (cf. Eq. (j^SJ). Therefore the action G{X) is independent of A, 
hence we put ^(A) = G, where Q is compact. Since {J^{X),Q} is a Hilbert C*-system it follows 
immediately that {T, G} is also a Hilbert C*-system. We still need to show that it is also minimal. 
For this take for any D & Q a canonical endomorphism p^^A S IrrT(A), A G F \ Fq. Since p^^x 
is disjoint from tx for any D ^ l, i.e. {pd,x,i^x) = 0) we have that the corresponding integrated 
endomorphism satisfies the same property {pd^i^) = for any D ^ l. From |1H Lemma 10.1.8] 
we have that A! f\ T = Z and the proof is completed. ■ 



7.7 Corollary Each minimal Hilbert C*-system satisfying p\Z = id ["2, p G OhT , with F := 
spec 2 connected, is regular. 

Proof: First recall from the proof of the previous theorem that the fiber Hilbert C*-systems have 
trivial relative commutant. This means that for all A G F\Fo there is a one-to-one correspondence 
between the fiber endomorphisms and the generating Hilbert spaces, 

PA ^ Wp, C ^(A) 

such that 

If one chooses for all A G F \ Fq a fixed Hilbert space Tip^ , then these fiber spaces define a Hilbert 
space Hp C such that 

p o a ^ Hp ■ Ha- 

Therefore {J^,G} is regular. ■ 



7.8 Remark We will extend in this remark the inverse result stated in Theorem 17. 61 to the follow- 
ing situation: let {A,T} satisfy the assumptions of Theorem 17.61 except that now F is a disjoint 
union of (in general infinite) connected components F^, a G A, i.e. 
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With each F^, a S A, we can associate a central orthoprojection Pa, which is defined by means 
of the following continuous function over T: 

' 1 ifA er, 

otherwise . 



Pa{X) :-- 



The projections in {Pa}aeA are mutually disjoint and satisfy J2a -fa = 1 (strong operator con- 
vergence; to define the previous sum in the infinite case consider a net of projections indexed 
by the class of all finite subsets of A partially ordered by inclusion C, cf. [2H1 Sections 2.5 and 
2.6]). The Hilbert space f), on which the algebra A is represented, decomposes as f) = ©af)a and 
{xa)a€A € ®aeA^a if W^aW^ < oo. Therefore we can decompose ^ as a direct sum 

A = ©asA-^a and in particular Z = (BaeA^^a 

where Aa ■= APa has center Za := Z Pa. Recall that {Aa)aeA £ ©aeA-^a if sup{||Aa|| | a G 
A} < oo. 

From property (i) we can consistently define a family of 2a-module endomorphisms 7^ : = 
{pa} C end^a by means of 

PaiAPa) := p{APa) = p{A)Pa G X , A^A. 

Moreover, since A satisfies Property B, then Aa also satisfies this property on f}^, i-e. Aa contains 
are isometries Va,Wa satisfying VaV* + WaW* = Pa- Similarly we can adapt the assumptions 
(i)-(iii) to the pair {Aa,Ta}, a G A. By the proof of Theorem 17.61 we can construct Hilbert 
C*-systems {J^a,0a}, with Qa compact and satisfying 

A'a ^Ta = Za as well as T'a^Ta = Za , a G A . 

Now, in order to be able to built up from these systems a minimal Hilbert C*-system with a 
compact group we need to make the following additional assumption (recall R,emark l7.5j) : 

Assumption: The compact groups Qa are mutually isomorphic, i.e. 

Qa = Q , for some compact group Q . (34) 

Under this assumption put finally J- := (Ba^'a, where G acts on each component. The Hilbert 
C*-system {J^,G} satisfies 

A'nT = ®aZa = Z , 

hence it is minimal. Finally, note that Corollary 17.71 can be also adapted to the present more 
general situation satisfying the assumption ()34() . 

7.9 Remark The reason why we need to make the assumption (|34|) is that we want to reconstruct 
Hilbert C*-systems ^} of the type studied in Theorem 17.41 A similar situation that considers 
more general groups, where e.g. the mapping F 9 A — > is not constant, is studied in [4,S| 
Section 3, Example 3.1]. 



8 Conclusions 

In the present paper we have described a generalization of the DR-duality theory of compact 
groups, to the case where the underlying C*-algebra A has a nontrivial center. The abstract 
characterization of minimal and regular Hilbert C*-systems with a compact group Q is now given 
by the inclusion of C*-categories < T , where 7^ is an admissible DR-sub category of T, the 
latter category being realized as endomorphisms of A. A crucial new entity that appears when 
the center Z oi A '\s nontrivial is the chain group ^{Q), which is an abelian group constructed 
from a suitable equivalence relation in Q (the dual object of Q) and which is isomorphic to the 
character group of the center of Q. Our results suggest the following considerations: 
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• As far as the symmetry e is concerned, the special case studied in Section was also 
addressed in the context of vector bundles and crossed products by endomorphisms (see 
e.g. |431 Eq. (3.7) and Section 4]). In the mentioned reference, the existence of a symmetry 
is guaranteed by the fact that the left and right ^-actions on (t, £) coincide, where f is a 
vector bundle over the compact Hausdorff space spec Z and (i, £) denotes the ^-bimodule 
vector bundle morphism from i := spec 2^ x C into £. (Vasselli studies also bundles in j43j . 
where left and right actions do not coincide.) 

However, the situation analyzed in the present paper can not be fully compared with the 
case studied in [l^]- In the latter paper much more general groups are considered and, in 
fact, many of them are not even locally compact. For this reason no decomposition theory 
in terms of irreducible objects is mentioned in that context. It is therefore not clear how the 
notion of a nontrivial chain group should be extended to the general framework of vector 
bundles. Recall that the notion of chain group was suggested by the decomposition theory of 
canonical endomorphisms and their restriction to Z (cf. Theorem l5 . 71 f ii) ) . The nontriviality 
of the chain group homomorphism Eq. ()22() gives an obstruction to the existence of a 
symmetry associated with the larger category T (see Proposition 15. lUl and Remark 17. 31 fi)). 

• In lower dimensional quantum field theory models (see e.g. ^l|3niIlSl or |2S1 Chapter 8]), 
a nontrivial center appears when one constructs the so-called universal algebra. In the case 
of nets of C*-algebras indexed by open intervals of 5^, the universal algebra replaces the 
notion of quasi-local algebra (inductive limit). (Recall that in this case the index set is not 
directed. See |24j or Chapter 5].) Although these models do not fit completely within 
the frame studied in this paper (there is no DR-Theorem and a nontrivial monodromy in 
two dimensions) we still hope that some pieces of the analysis considered here can be also 
applied in that situation. E.g. the generalization of the notion of irreducible objects and 
the analysis of their restriction to the center Z that in our context led to the definition of 
the chain group. 

9 Appendix: Decomposition of a C*-algebra w.r.t. its center 

For convenience of the reader we recall the following facts: let ^ be a unital and separable C*- 
algebra, Z its center and vr a faithful representation of ^ on a separable Hilbert space f), tt{A) C 
C{\)). According to Gelfand's theorem we have Z = C(r), where P := spec^ is a compact second 
countable Hausdorff space. Then -k^Z defines a distinguished spectral measure Et^{-) on the Borel 
sets {A} C P such that 

tt{Z) = J^Z{X)E^{dX), (35) 

where Z{-) E C(P) is the continuous function corresponding to Z Z (see e.g. M.A. Neumark 
PSI p. 278]). Since Z is the center of A we obtain from 

E^{A)7r{A) =7r{A)E^{A), AeA,AcT. (36) 

Let $:()—>[):= L'^{T, ij,,fx) be a unitary spectral transformation assigned to E^^, where /i is 
a corresponding regular Borel measure on P and are the fibre Hilbert spaces (cf. [441 Chap- 
ter 14]). (The spectral representation space f} (direct integral) is also denoted in the literature as 
J-p f X fj,{dX) .) The transformed projections E{A) on i) act as multiplication by the corresponding 
characteristic function xa(')- 

Applying the spectral transformation we obtain from the equations (|35|) and (|3(i|) the following 
inclusions 
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C{r) C ad $ o 7r{A) C (F, fi, C{h)) , (37) 

where {T, ^, C{fx)) denotes the von Neumann algebra on f) of all decomposable operators 
B: [) ^ f) given for almost all A € F by 

(B g)iX) := B{X) g{X) , g e't) , B{X) G C{h) . 

These operators A i-^ B{X) are called "admissible" (see e.g. |1U1 Chapter 4]) and the measurable 
Borel function A ||i?(A)||A satisfies ess sup ||-B(A)||a < oo, where || • ||a denotes the operator 
norm in C{fx). Then ||i3|| = ess sup ||ii?(A)||A follows. 
The equation ()37() means that we have an isomorphism 

A3A^Ai-), AiX)eCifx), 

and that 

(|(ad $ o tt{A)) (A) = (^(A)) x(A) , ior i) 3 x := $(x) , x e t) . 

Moreover C(T) is the center of the C*-algebra ad<l? o it{A) and if ^(A) = for almost all A G F, 
then ^ = 0. 

9.1 Theorem Let (F,/Li) be the measure space mentioned above. Then, there is an exceptional 
Borel set Fq C F, with //(Fq) = 0, such that for all X & Fq, 

(i) the set 

Ax := {A{X) \AeA} 
is a well defined C*-subalgebra of C{'\x) and ttx, given by 

A3 A^ 7rx{A) := A{X) G Ax , 

is a representation of A on fx, 

(a) Ax has trivial center, i.e. Z{Ax) = A'y^ n Ax = CIa. 

Proof: Part (i) follows from Eq. 1)3 7|) . For simplicity we omit in following the explicit use of the 
representation vr. To show (ii) let Z he a separable abelian C*-algebra containing Z = C(F) and 
strongly closed in A' n A", i.e. 

Z C Z C Z" = A' nA" . 

Then by Gelfand's theorem we have Z = C(F), where F is a compact second countable Hausdorff 
space. Moreover we have F = F/ ~, where ~ denotes the following equivalence relation: Ai ~ A2 
if Z{Xi) = Z{X2) for all Z ^ Z. In other words the elements of Z can be identified with functions 
in C(F) that are constant on the corresponding equivalence classes (i.e. let A G F and denote by 
[A] the corresponding equivalence class in F, so that for any A G [A] we have Z{X) = Z(X)). 

According to M.A. Neumark |38( p. 278] we have also for Z a distinguished spectral measure 
i?(-) on the Borel sets A in F such that 

Z = ^z(X)E{dX). 

The relation of the previous decomposition with the one given in (|35)) is specified by the following 
equation: for A be a Borel set in F we have 

^(A) = / E(dX) , where A = U [A] is a Borel set in f . 
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Now the central decomposition of the von Neumann algebra is done over the space F with 
regular Borel measure /I and the fibre von Neumann algebras ^"(A) are factors for all A G F \ro, 
where Tq = UAero[A] and /u(ro) = /^(ro) = 0. In the decomposition of ^ C M' over F we have 
that the algebras A^^ coincide on the representatives of the equivalence class [A] with the algebra 

^Ai^A S (r\ro). Moreover the functions A A.(X) € A\ have constant values, ^(A) = A(A), for 
aU A G [A]. ^ ^ ^ ^ ^ ^ _ 

Finally, for Z G Z we have that Z(A), A G r\ro, are scalar functions. If, in particular, Z G 2, 
then Z{X) has a constant value Cz foi" all AG [A]. Therefore we have 

= CzIa 

and the proof is concluded. ■ 

9.2 Remark We mention here the special case where the spectral measure E-^ has homogeneous 
multiplicity. Then there is a unique fiber Hilbert space f and = L^(r,/i,f). Moreover, A\ is a 
C*-algebra on f for /i-almost all A G T and for ^(A) G A\ we have 

ess supAgrP(^)ll£(f) < . 

If we assume that all operator functions F 9 A ^ ^(A) G £(f) are continuous w.r.t. the operator 
norm || • then also A — > ||^(A)||£(f) is continuous and 

A:=^<i^oT,{A) cc(r,/:(f)) c L°°(r,;u,£(f)). 

No exceptional set is needed and A\ is a unital C*-subalgebra of £(f), {^a,-^} is a continuous 
field of C*-algebras over T and A is simultaneously the C*-algebra defined by this field (see 
Dixmier [13 p. 218 ff.]). If .Aa is independent of A, for example ^a = 'C(f) (this is true if 
A = C{T,C{j)) = C(r) (g) £(f) consists of all continuous operator functions on F), then the field 
is trivial (in the sense of Dixmier) . 

9.1 ^-module endomorphisms 

To keep notation simple we omit the explicit use of the representation vr. Recall that a unital 
endomorphism p of A is called a 2^-module endomorphism if 

p{AZ) = p{A)Z, AeA,ZGZ. (38) 

The following proposition can be easily verified using the results in this section. 

9.3 Proposition Let p be a unital Z-module endomorphism of A and let Fq be the exceptional 
set of Theorem, \9.1l Then the family of mappings {px: Ax w4A}Ae(r\ro) defined by 

Ax B A{X) ^ Pa(^(A)) := (p(A))(A) G ^A 

is a family of unital endomorphism of Ax ■ 

9.4 Remark Note that the family of endomorphisms {/5A}AG(r\ro) introduced in the previous 
proposition satisfies 

||pA(^(A))i|A < P(A)||a and ess supAg(r\ro)IIPA(A(A))||A < oo , .4(A) G ^(A) . 

If {fAlAeCrxro) is o,ny family of unital endomorphism of {-4A}Ae(r\ro)) then it also satisfies the 
following boundedness condition: 

ess supAg(r\ro)lkA(^(A))||A < ess supAg(r\ro)P(-^)llA < oo , A^A. 

However, the family {o"A}Ag(r\ro) '^^^^ ^''^ necessarily define a "global" endomorphism a of A. 
But if this is the case, then a is also a ^-module endomorphism, because 

{a{AZ)){\) = ax{{AZ){\)) = ax{A{X)Z{X)) = Z{X)ax{A{X)) = {a{A)Z){X) . 
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